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Abstract

In this paper we give a natural definition of Banach space valued BV functions defined
on complete metric spaces endowed with a doubling measure (for the sake of semplicity we
will say doubling metric spaces) supporting a Poincaré inequality (see Definition 2.5 below).
The definition is given starting from Lipschitz functions and taking closure with respect to a
suitable convergence; more precisely, we define a total variation functional for every Lipschitz
function; then we take the lower semicontinuous envelope with respect to the L' topology
and define the BV space as the domain of finiteness of the envelope. The main problem
of this definition is the proof that the total variation of any BV function is a measure; the
techniques used to prove this fact are typical of I'—convergence and relaxation. In Section 4 we
define the sets of finite perimeter, obtaining a Coarea formula and an Isoperimetric inequality.
In the last section of this paper we also compare our definition of BV functions with some
definitions already existing in particular classes of doubling metric spaces, such as Weighted
spaces, Ahlfors-regular spaces and Carnot—Carathéodory spaces.

1 Introduction

In this paper we give a definition of Banach space valued functions with bounded variation on
complete metric spaces endowed with a given measure. The metric space is assumed to have some
structure and the measure is supposed to satisfy some compatibility conditions with the metric.
More precisely, the measure is assumed to be doubling (see Definition 2.1 below); an additional
assumption on the metric space X is made, that is a Poincare inequality is supposed to hold for
suitable couples of function, the Lipschitz functions and their “gradients” (see Definition 2.5). We
recall that a space with these properties turns out to be almost geodesic, in the sense that it is pos-
sible to define a new metric which is geodesic and which is Lipschitz equivalent to the original one
(see for example Semmes [33] and Cheeger [8]). Particular examples of doubling metric spaces and
Sobolev doubling spaces are given by the weighted Euclidean spaces, i.e. the Euclidean R™ spaces
where the Lebesgue measure is replaced with a suitable absolutely continuous doubling measure
(for the main definitions and properties see for example Franchi [14], Franchi-Serapioni—Serra Cas-
sano [15], and Muckenhoupt [31]). Particular examples of doubling spaces are the Ahlfors-regular
spaces and among them we recall the Carnot—Carathéodory groups, which are also particular
subriemannian manifolds (see for instance Gromov [19] and Nagel-Stein-Wainger [32]).

We recall the definition of BV functions in Euclidean spaces; given an open set 2 C R", a function
u € LY(9) is said to have bounded variation, u € BV(Q), if

[|Du||(2) := sup {/ udiv ¢dz : ¢ € Cy(Q,R™), ||4]|co < 1} < +o00.
Q
BV(Q) is a Banach space with the norm

lullsv (@) = llullzr (@) + || Dul|(2);

the problem of this norm is that smooth functions are not dense in BV (). Nevertheless, every
function v € BV() is approximable in a weak sense, see Anzellotti-Giaquinta Theorem in [4];
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that is, there exists a sequence (uy)p of smooth functions such that

llun = ullr =0

/Q IVunlldz - | Dul|().

More precisely, we can state the following Proposition.
Proposition 1.1 Let u € L1(2), Q @ R™ open; then the following conditions are equivalent:
1. uw € BV(Q), i.e.

[|Du||(2) := sup {/ udivgdz : ¢ € C3(LR™), ||4]lco < 1} < 4005
Q

2. there exists a vector measure 0 = (01, . ..,0,) with bounded total variation such that

/ udipds = — / ¢do;, Vo e CL()
Q Q

(that is, the distributional first derivatives of u are measures);

3. there exist a constant M > 0 and a sequence (up)n C Ca(Q) such that up, — u in L*(Q) and

limsup/ [|Vup||de < M;
Q

h—o0

4. there exists a positive finite measure v in ) such that
min/ [|lu — c||dz < r(B)v(B),
ceER B

for every ball B C Q (r(B) is the radius of B).

Let us observe that statement 3. makes sense in a metric space language, replacing smooth
functions with Lipschitz functions. This remark is the starting point of our work. We will use
statement 3. to give the definition of BV —functions and then we will see the equivalence between
3. and 4.. We last notice that in the Euclidean case the fact that ||Du|| is a measure follows
immediately from property 2.; to prove that 1. implies 2. an important role is played by the Riesz
representation Theorem. In a metric setting we cannot use this approach, so in order to prove
that ||Dul| is a measure we have to use different techniques (see Theorem 3.4).

The main idea of the definition is then to relax with respect to the topology of L7, () the
functional

uo / IVulldp,
Q

defined only on Lipschitz functions, and to take as BV(f2) the set where this relaxed functional is
finite. We remark that this same method produces the usual Sobolev spaces when relaxing with
respect to the LP topology (see for instance Cheeger [8], Hajlasz—Koskela [23]).

Definitions of BV functions already exist in some particular examples of such metric spaces, such
as in the Euclidean weighted spaces (see Baldi [5]), in Finsler geometries (see Bellettini-Bouchitté-
Fragala [6]) and in the Carnot—Carathéodory groups (see for instance Garofalo-Nhieu [17]). At
the end of Section 5 we will see that our definition coincides with that one given in the Carnot—
Carathéodory case (in this proof the Ahlfors—regularity plays an important role).

The paper is structured as follows; in Section 2 we will give the main definitions and present our
setting; in Section 3 we give the definition of BV functions and give the main properties; in Section
4 we define the sets of finite perimeter in the same way as Caccioppoli [7] and De Giorgi [10] did
(see also Federer [13], Giusti [18], Mattila [29], Maz’ya [30] and Ziemer [34] as further references);
in Section 5 we will give some examples of particular doubling metric spaces and we will see the
equivalence with existing definitions of BV —functions.

Aknowledgments. I am deeply grateful to L. Ambrosio for his helpful suggestions and his
support. I am particularly indebted with S. Semmes and J. Heinonen for the useful discussions
with them. I would like also to thank V. Magnani and E. Paolini for their advices and suggestions.



2 Basic definitions

We give here the main definitions and the main properties of our ambient space; for this section we
refer to Cheeger [8], Hajtasz—Koskela [23] and Heinonen—-Koskela-Shanmugalingam—Tyson [26].
Given a complete metric space (X, d), we shall indicate with B = B,(x) the open ball centered at
x with radius r(B) = ¢ > 0; by B’ = AB we mean the ball with the same center of B and with
radius r(B') = Ar(B). Moreover, for any subset Q@ C X, we denote by A(Q) the diameter of Q,
ie.

A(Q) = sup {d(z,y) : z,y € Q}.

We shall denote by B the family of all balls of X, i.e. B € B if and only if there exist x € X and
0 < ¢ < A(X) such that B = B,(z); by Tx we shall denote the collection of all open subsets of X
and by B(X) the o—algebra of Borel subsets of X. By a metric measure space (X, d, u) we simply
mean a metric space (X, d) endowed with a non—trivial Borel measure p (i.e. a measure on Borel
subsets). We give the following definition.

Definition 2.1 (Doubling Space) A doubling space is a complete metric measure space (X, d, 1)
such that

(1) 1(2B) < cu(B) for every ball B € B

for some constant ¢ > 0; the best constant cp satisfying (1) is called the doubling constant for p.
Notice that for a non—trivial doubling measure we have that the support is all the space X .

Remark 2.2 Given a doubling space, it is possible to prove that

pw(Br(z)) _ 1 (rlegzeo
® W(Br(y) = ch ( )

R
for every z,y € X and R > r > 0 with x € Br(y). Then, a metric measure space is doubling if
and only if there exist constants ¢, s > 0 such that

(Br(m)) 1 (T\°
wony > (7)

for all z,y € X and for all R > r > 0 with € Bg(y). We notice in particular that every doubling
measure space has some kind of dimension, the constant s = log, cp (called the homogeneous
dimension); we will find this dimension in the definition of Sobolev spaces and in the immersion
theorems for Sobolev spaces (see Remark 2.8 below).

We recall some important properties of doubling spaces; a basic tool will be played by the following
proposition, which gives a partition of unity. For a proof of it see for instance Appendix B of
Gromov [20].

Proposition 2.3 (Partition of Unity) Let t > 0 be a fized number; then there exists a subset
A(t) of X such that

e d(ai,a2) >t for all a1,as € A(t) with a1 # az;
e X C UaGA(t) B, where B, = Bi(a).

Moreover, for any k > 0 there exists a constant 8(k) > 0 depending only on k and on the doubling
constant cp such that

. zh:aeA(t)ElkBa (x) < B(k) for every x € X, where 1g denotes the characteristic function of
the set E.

In addition, we can find o family {¢$P}ae A(t) of real-valued Lipschitz functions on X such that
e 0< ¢ < 1ap,;

o the functions ¢$f’ have Lipschitz constant not greater than A/t, where A > 0 is a constant
depending only on the doubling constant cp;
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Another easy consequence of the definitions is that any doubling metric space is proper, i.e. closed
and bounded sets are compact. In fact it is possible to prove that there exists a constant ¢ > 0
depending only on the doubling constant ¢p such that every ball of radius R can be covered by at
most ¢(R/r)® balls of radii r (for a proof, see for instance David-Semmes [9]); this implies that the
balls are totally bounded and then relatively compact. Since any open set can be approximated
from inside by closed and bounded sets, this enables us to say that a property holds locally
on an open set Q if it holds on every compact set K C Q (or equivalently on every open set
A € Q). For example, if we denote with Lip(Q2; V') the set of Lipschitz functions v : @ — V with
(VL] - 1|) a Banach space, then the space Lip,,.(€Q; V) is the set of functions u : @ — V such that
u € Lip(4;V) for every open set A € €. Similarly, if we denote with LP(Q, u; V') the space of
p-integrable functions on Q, we can define the space LP (Q, u; V). We shall write simply LP(Q, u)

loc

(respectively LP (€, u)) in the case when V = R. Given a function u € L} (Q, u; V), we set

loc loc

1
ug = m/&m u(z)du(zx).

We recall that when we say that a Banach space valued function is integrable, we mean the Bochner
integrability (see for example Heinonen-Koskela-Shanmugalingam—Tyson [26]).
Given a curve 7 : [0,1] — X, we denote the length of v by

A(y) =sup Y d(y(t:),y(ti 1))

where the supremum in taken over all possible finite partition [t;_1,%;] of the interval [0, 1]. With
the notation v : z — y we mean that v : [0,1] = X is a rectifiable curve joining = and y, i.e. v is
a curve with finite length such that v(0) = =z and y(1) = y.

Given a continuous function u : X — V, an upper gradient for u is a Borel function g : X —
[0, +00] such that for every z,y € X and for every 7 : £ — y there holds

llu(y) — u(z)]l S/O g(v()IIFll(s)ds,

where

(3) [7ls) = tim sup ly(s + flgl— ()l

We notice that if v is a Lipschitz curve the limsup is at almost every point a limit; this limit is
called metric derivative of v. We denote by UG(u) the collection of all upper gradients of u.

Remark 2.4 [Properties of upper gradients] If u; : X — V are continuous and g¢; € UG(u;)
(i=1,2), then

1. |oa]gr + |az|ge € UG(a1u1 + asuy) for every aj,as € R\ {0};
2. (Jlurll + €)g2 + (JJuz|| + €)g1 € UG(uq - u2) for every € > 0.
We give the following definition.

Definition 2.5 (Poincaré Space) We will say that the measure metric space (X,d,p) is a
Poincaré space if pu is a doubling measure and if, in addition, X supports a weak Poincaré inequal-
ity, i.e. for every pair (u,g) with u € Lip,,.(X;V) and g € UG(u), there holds

(4) / lu(z) — uplldu(z) < cur(B) / g(e)du(z)  for amy ball B C X,
B AB

for some absolute constants A > 1, ¢, > 0.

Remark 2.6 Due to Heinonen—Koskela—Shanmugalingam—Tyson [26, Theorem 4.3], the following
statemants are equivalent;

1. there exists a Banach space (V]| - ||) such that (X, d, 1) supports a Poincaré inequality;



2. (X,d, u) supports a Poincaré inequality for V = R;
3. (X,d, 1) supports a Poincaré inequality for every Banach space V.

In particular it is possible to see that the constant ¢, in (4) can be choosen independent of the
Banach space V.

We recall that a metric space (X,d, u) supporting the Poincaré inequality is quasi—convex, i.e.
there exists a constant a > 0 such that for every x,y € X there exists a curve v : ¢ — y with
A(7) € ad(z,y). In other words, if o > d is the geodesic metric on X defined by

o(z,y) =inf {A(7)|y : 2 = y},

then g is Lipschitz equivalent to d. On the other hand, if X is a proper space (i.e. closed and
bounded sets are compact, as in the case of doubling spaces), then for any z,y € X, there exists
a curve 7 : [0,1] —» X such that

o(z,y) = A(7).

We recall the following definition.

Definition 2.7 (Chain Condition) A subset Q C X is said to satisfy a (o, M)—chain condition
with o, M > 1, if for each point x € Q there exists a sequence of balls (By)n, such that

1. 0By CQ for every h € N;
2. there exists hg € N such that for all h > hg the ball By, is centered ot x;
3. if rn, denotes the radius of By, then

1A
M 2k

ST’h<M

Vh €N,

4. there exists a ball B} contained in By, N Byy1 such that By, U By 1 C M By

For instance, balls in geodesic metric spaces satisfy a suitable chain—condition. It is a well known
result (see for instance Koskela Hajlasz—Koskela [23, 22] and Heinonen [25]) that if the space X
supports a weak Poincaré inequality and  is an open set which satisfies a (o, M )—chain condition
for some o, M > 1, then Q supports a plain Poincaré inequality, i.e.

/Q lu(z) — ualldu(z) < CAQ) / s(@)du(@), V€ Lipoce(®sV)

with C depending only on c¢p, ¢, 0 and M. Then, if X is a Poincare space and the metric is
geodesic the strong Poincare inequality holds, i.e. there exists a constant cp > 0 such that

(5) / [u(z) — usl|du(z) < cpr(B) / g(@)du(z)  for any ball B € %B.
B B
Given u € Lip,;,.(X; V), we define the modulus of the gradient of u as

... 1
IVull(z) = liminf ~ sup [fu(y) - u(@)].
e7% 0 4B, (@)

This defines a Borel function which is an upper gradient for u (see for instance Cheeger [8, Propo-
sition 1.11] in the case V = R); we give a sketch of the proof. Let us consider an element v € V*
in the dual of V' with ||v|]| = 1 and let us define

this is a real valued Lipschitz function, then it is differentiable at almost every point and

gv(l)—gv(O)z/o gl (t)dt.



We want to prove that g, (t) < |lu(y(@®))|| - [|7l(¢) at every differentiability point of g,; let us
then consider a differentiability point ¢ of g,. For every r > 0 there exists an h, > 0 such that
[lv(t + h:) — v(t)|| = r; notice that h, — 0 as r — 0. Then, by the Schwarz inequality, we obtain
that

9ot + 1)~ 0] a4 b))~ u ] _ [yt + b))~ ur @)+ ) =40
|h7‘| - hr r hr
< 1 swfuly) - =000,
yEB-(v(1)) "

Then, by taking the limit as r — 0, we obtain that

lgo ] < IVull (D)

we then obtain that

luly) —uw(@)ll = sup  (u(y) —u(z),v) = sup gv(l)—gv(O)S/ IVl (v (@) 11711 ()t
veV*,|lvll=1 veV*,|lv||=1 0

We define the Sobolev space following the definitions of Hajtasz [21], Hajlasz-Koskela [23]; we say
that a function u € LP(Q, u; V) (p > 1) is a Sobolev function, u € W1P(Q, u; V), if there exists a
non-negative function g € LP(, u) such that

lu(z) —u@)ll < d(z,y)(9(z) + 9(y)),  Vz,ye X\N,

where N is a subset of X with u(NN) = 0. The space Wllo’f (Q, p; V) is defined in the obvious way.

Remark 2.8 In this paper we will use the following properties of the W1P(X, u; V) Sobolev
spaces;

1. Lip;,o(X;V) € WP (X, 13 V) for every p > 1;

loc

2. if the homogeneous dimension s satisfies s > 1, there exists a constant c¢g > 0 such that, for
any ball BC X

1 s* e 1
(6) (m/BHu(x)—uB” du(x)) SCST(B)@//\B”VUH(x)dN(x):

for any u € Lip,;,.(X;V), where s* = s/(s — 1) (this implies that Wltcl (X, V) embeds in
L¥ (X,u; V) in a continuous way, see Hajlasz—Koskela [23, Theorem 5.1]);

loc

3. for any bounded sequence (up)p C Wllo’c1 (X, 1; V) there exists ¢ > 1 such that, up to sub-
sequences, (up)p converges in LY (X, u; V) norm to a function u € L] (X,pu; V) for all

1 < w < ¢ (see Hajlasz—Koskela [23, Theorem 8.1]). The exponent g depends only on the
homogeneous dimension s and on the Sobolev immersion (6).

Given u € Lip;,.(X), we have that A — [, [|[Vu||du defines a positive Radon measure on B(X);
this will be the starting point of the theory of BV —functions on a Poincaré space; the idea is in fact
to relax the functional u — [ ||Vu/||du, obtaining a set functional ||Du|| and taking as BV(X;V)
the domain of finiteness of the relaxed functional ||Du||. We notice that, for p > 1, we can define
in the same way the Sobolev spaces: it suffices in fact to relax the functional

u—s / IVulPdy

with respect to the LP topology. It is easy to see that this procedure gives the same Sobolev spaces
defined by Hajtasz—Koskela [23] (see for instance Cheeger [8]).



3 Definition of BV and some properties

Let Q C X be an open set; since Lip,,.(€; V) is dense in L}, _(Q, u; V), it makes sense to define,

for every u € L, (Q, u; V), the total variation of u on every open set A C 2 as
. . . Li, (AV)
(7)  ||Dul|(A) = inf {11hm1nf/ [|Vup||(z)dp : (up)r C Lip;ye(A4; V), up o u} .
—00 A

Definition 3.1 (Functions with bounded total variation) A function u € L} (Q,p;V) is
said to have locally bounded total variation on Q if | Dul|(A) < +oo for Severy open subset A € Q.
A function is said to have bounded total variation on Q if ||Dul|(R) < +oc0. The vector space of

functions with (locally) bounded total variation will be denoted by BV(Q, u; V) (BViec (2, ;3 V) ).

We notice that the definition of BV (2, u; V) coincides with the Euclidean one modulus the summa-
bility, i.e. once one requires in addition that u € L'(Q). When the open set A has some kind of
regularuty, for instance when A is a John domain, then the definition given in (7) is equivalent to
the following

|Dul|(A) = inf {lihminf/ IVunl|(z)dp : (un)n € Lip(A; V), up = 2V u}
— 00 A

Moreover, we notice that for any given u € BV (2, u; V) and for any A C Q open, there exists
a sequence (up)p, € Lip;,.(A4; V) such that up, — w in L} (A, pu; V) and

loc
1Dul(4) = Jim [ (90 ldp
—0 J A

Remark 3.2 We have the following consequences of the definitions; for every u,v € L} (X, u; V),
for every a € R and for every A, B € Tx,

L. [ID(au)l|(A) = |a] - | Dull(A);
2. [[D(u+v)II(A) < [IDull(A4) + | Dvl|(A);

3. [Dull(AU B) > | Dull(4) + | Dull(B) if AN B = 6;

4. ||Dul|(AU B) = || Dul|(A) + || Dul|(B) if dist(A, B) > 0.

The first three properties are easy to prove; for the fourth one, it suffices to consider to sequences
(up)r € Lipy,.(A;V), (vn)n € Lip,.(B;V) converging to w in L}, (A, u; V) and L} (B,u;V)
respectively, such that

hlim / [|Vup||dp = || Dul|(A), lim / [|Vop||du = || Dul|(B).
—00 J A h—oo JB
Then, if we define

I on A
= v, onB,

we get a new sequence still converging to v and, using the fact that A and B are distant sets, such
that

IDul|(AUB) < liminf/ IVwa|ldp = [ Dul|(A) + [ Dul|(B).
h—o0 AUB
Since the other inequality follows from statement 3., we get equality in 4..

The main problem here is to prove that || Dul| defines a measure; it is not possible in this context to
use the FEuclidean techniques such as Riesz representation Theorem. The approach here is typical
in the study of relaxations problems.

The following Lemma is useful for the proof of Theorem 3.4: for a proof see Ambrosio-Dal Maso [2]
or Ambrosio-Mortola—Tortorelli [3].

Lemma 3.3 Letu € L}, (Q,u;V) and let M, N € Tq.

loc



1. If N is bounded and ON NOM = 0, then there exist open sets H@ M NN, C;,Co C MUN
and a constant ¢ = ¢(M, N) such that for every € > 0 and u € Lip(M;V), v € Lip(N; V), it
is possible to find w € Lip(M U N; V) such that

® [ Ivulde< [ [Vuldat [ [Volld+ QL) [ - vllda+ e
MUN M N H

9) w=uon M\N, w=von N\ M,

(10) / llw — olldp < / lu— olldu + / lo—olldu, Vo€ Lh(MUN,uV),
K K; Ko

whenever K e MUN and K1 =KNC, €M, Ke=KnNnCs @N.

2. If M' @ M and N' € N, then there exist an open set H @ M NN and a constant ¢ > 0
depending only on M,N,M' and N' such that for every ¢ > 0 and u € Lip(M;V), v €
Lip(N; V), it is possible to find w € Lip(M U N;V) satisfying

(11) / IVwlldy < / IVulldu + / IVolldp + / lu — ol + <.
M'NN’ M N H

PROOF: Let us prove 1.: since N\ M and M \ N are disjoint, it is possible to find a function
¢ € Lip M U N such that 0 < ¢ <1 and
1 on a neighbourhood of N\ M
¢ =

0 on a neighbourhood of M \ N.
We then define
Ci={¢<1}Nn(MUN), Co={p>0}N(MUN), H=CiNnCy € MNN.
Fixed a real number £ > 0, we can find k € N such that

/H (IVull + IVoll) du < b -.

Let n = dist(ON,0M) > 0 and define

HZ'Z{.CL'EH:

k+i—1 k+1
P — i N) < ) = NP 5
a7 < dist(z,0N) < 3% n}, i=1,...,k

We can find functions ¢; € Lip(M N N) such that 0 < ¢; < 1, ||Véilloo < 4k/n and

k+i—1

1, if dist(z,dN) < %n
¢i(z) = L

0, if dist(z,dN) > ;];’n.

We then define w; = ¢;u + (1 — ¢;)v and we obtain that

4k
[ ivwida< [ 19uldu+ [ 190kdat [ Qul+ 190D a5 [ = lda
MUN M N H; N JH;

But then, summing over ¢ we have that

k

1 4

= / IIVwiIIdus/ IIVuIIdu+/ IIVvIIdu+e+—/ llu = vlldp,
i—1 Y MUN M N nJu



hence there exists an index ig € {1,...,k} such that (8) holds with w = w;,. In order to prove
(10), if K € M U N is any compact set, then

/ lwig — olldu < / llu— olldp + / llo — olldy
K KNM\N KNN\M

[ Gulu=oll+ W=l - olhdn
KNMNN

< / lu— oldu + / o — olldg.
K1 K>

Let us now prove 2.; fix € > 0 and, given n = dist(M’,0M) > 0, we define

H=N’m{xeM:g<dist(x,M’) < 2?77}

Clearly H € M N N; given u and v, we can find a number k£ € N such that

(12) /H (IVull + [Voll) ds < ke.

We then define

k+i-1
3k

Hi:{wGX: 17<dist(.1:,M')§k-H }, i1=1,...,k.

3k
There exist functions ¢; € Lip(X) such that

4k
IVilloo < —
n

¢ 2{ L if dist(z, M) < i

— o0, ifdist(z, M) > ki,

We then define w; = ¢;u + (1 — ¢;)v and arguing as above, it is possible to find an index ig €
{1,...,k} such that (11) holds with w = wj,.

O
Now we are in the position to prove the following Theorem.

Theorem 3.4 For any u € L} (Q,u;V), the set function ||Dul|| is the restriction to the open

loc
subsets of X of a positive finite measure in X .

PROOF: Due to De Giorgi—Letta [11, Theorem 5.1], it suffices to prove that the function ||Dul||
defined on the class Tx of open subsets of X satisfies the following properties:

L [|Dul|(B) < [|Dul|(4) if B C 4;

2. ||Du||(AU B) > ||Dul|(A) + ||Dul|(B) whenever AN B = §;
3. [|Dul|(A) = sup{||Dul|(B) : B € A};

4. |[Du||(AU B) < ||Dul||(A) + ||Dul|(B) for every A, B.

The first two properties are easy consequences of the definitions and of properties of the liminf.
Let us prove point 3.; let A € Tx be an open set and let o € X be a fixed point. Let us then
define the sets

1
Aj = {.’E € A: dist(a:,@A) > —.} n Bj(."l,'o)
J
and the sequence of open relatively compact sets given by

C1 = Ay
Cr = Aoi, \ Aog—3, VEk>2.

Clearly, we can assume that

sup ||Du||(B) < +o0;
BEA



then, since the two families {C2r} and {Cyp41} are well separated, we have that for every € > 0
there exists k € N such that

(13) > " IDull(Cy) <

€
< 6
k>k

We put B = A,;_,. We have the following Claim.

Claim 1 There ezists an open set B' € B and a sequence (up)p, C Lip(A \ B';V) such that
up = uin LY (A\ B',u;V) and

loc

(14) limsup/ [|Vunlldp < =
A\Bl 3

h—o0

Proor: We put B' = A,;_ 5 and we rename Dj, = Cj,,_;; we can then consider a sequence
Ym.n € Lip(Dp; V) such that ), p — u in L}, (Dp,pu; V) as m — oo and

loc

1

< —.
[, ¥l < DD +

We want then define a sequence ump € Lip(U?:1 D;) inductively; we put um1 = ¥m,1, and
for h > 1 we use Lemma 3.3 with M = D41, N = U?:1 D;, u = Ympy1, U = Up,p and
en = €/(12- 2"). Without loss of generality, we may assume that

g
Ch/ |Ym,pt1 — Ymplldp < ——,
Hp 12 .2k

where ¢, and Hp, are given by Lemma 3.3 and depend only on h. We then obtain that

i=1""12

/ Vit 1l s/ s i + / 1Vt [
h+1 D Uh

UiZy Ds
IS

- d .
R A

Moreover, we have that

{ Um,htl = Ym,h+1, O0 Dpyq \ Dy

— h
Um,h+1 = Um,h, on Ui:l Dz \ Dh-i—l;
and then by induction we obtain that

h+1

/U o Vumsalldn <Y [ 19001
i p, 2 )y,

i=1 T

h h
€
+ch/ llthm, j+1 —¢m,j||dﬂ+2ﬂ-
j=1 H; j=1

We then define the sequence

h—1
U (T) = Uy (), Vz € U Dy;
=1
so we get that
/ Vumlldy = lim [Vamplldy < lim / 1V emnl i
A\B' h=o0 JiZ) D; h=eoo JUr_, D;
o0 o0 €
< S IVl Y 55
j=1 J Jj=1
> 1 e 1 ¢
< S Dup)+ L+E< L8
< DD+ G

10



thanks to (13). Then condition (14) is satisfied; it remains to prove the convergence in L} (A \

FI, 1; V) to u. First of all we prove by induction on A that for every h € N we have
(15) im . n = ullny i oy =0-

For h = 1 we have that wm,1 = ¥m,1, and then (15) follows by assumption. Let us suppose the
thesis for h; then from Lemma 3.3, if K & U?;rll D;, there exist K' € Dpy1 and K" € Ule D;
depending only on h such that

[ s = ulld < [ s = ulldis+ [ s~ uld
K KI KII

and then we are done by assumption on the ,, ;’s and by the inductive hypothesis. Now we
prove that u, — uin L} (A\ B V). we take K € A\ B'; then there exists a h € N such that
Ke U?:l D;. Since by construction we have that um () = Um, pt1(z) for every xz € K we obtain

that
/ e — ulldps = / et gt — ulldp ™25 0.
K K

We now consider a sequence vy, € Lip(B; V) converging to u in L}, (B, u; V) and such that

/B IVonlld — | Dul|(B).

Using again Lemma 3.3, we can link this sequence and the sequence of the Claim in a new sequence
wp, an open set H @ BN (A\ E’) not depending on h in order to get

g
[vunlaus [ 1unlidn+ [ [9onldu+e(B.B) [ un ~ onllau+ 5
A A\B B H
then we have that
1Dull(4) < [ Dul|(B) +<.

It remains to prove the sub-additivity; we prove a weak sub-additivity, i.e. if A, B € Tx, we prove
that for every A’ € A and B' € B we have

(16) [ Dul|(A"U B) < [|Dul|(A) + || Dul|(B).

The sub-additivity will then follow from the inner regularity by passing to the supremum on the
left hand side. Let us then fix & > 0 and take two functions u. € Lip(A4;V), v. € Lip(B;V) such
that

/AIIVuslldu < [|Dul[(4) + &, /BIIVvslldu < [|Dul[(B) +e.

Using Lemma 3.3, we get a function w. € Lip(AU B;V), ¢. > 0 and an open set H. € AN B
depending only on ¢ such that

/ Ve ldu < / Ve ldp + / V0l dp + c. / e — velldp + <.
A'UB! A B

€

Then inequality (16) follows by passing to the limit £ — 0.

Remark 3.5 Every function u € BV, (Q, ; V') satisfies the weak Poincaré inequality
17) /BIIU(HT) — ug|ldu(z) < Cr(B)||Dul|(AB)

for every ball B C Q. This is a straightforward consequence of (4) and of the definition of
[|[Du||[(AB). The same argument based on inequality (6), gives that

r s\ 1/
(18) = usll, 2,y < s (08 Dul08)

As we will see in the next Section, this inequality will imply the isoperimetric inequality for sets
of finite perimeter. We finally recall that in the geodesics case the constant A can be taken to be
equal to one.

11



Given a Lipschitz function u, we have defined, for any fixed open set A € Tx, the quantities
J4 IVu|ldp and || Dul|(A); at this stage we have only that

(19) 1Dull(4) < /A IVl dp.

We are not able either to prove equality, nor to give an example showing that these two quantities
can be different. What is possible to say is that they are comparable. Indeed, from (19) we have
that ||Dul| < u, so that there exists a function g, € L'(X, u) such that

1Dull(4) = /A gudps.

Moreover, if we define the function

. 1
(20) h(z) = Limsup 1 ][ luly) - us, o lldu(y),
e—=0 0J B,(z)

it is possible to prove that h is comparable with ||Vu|| (when u is Lipschitz), i.e. there exist a
constant cg > 1 such that

1 ~
—lIVull(z) < h(z) < cof|Vull(z), Ve e X.
0

Then, using the Poincaré inequality, we have

1

—][ ||u—uBg(w)||du5cPc2Dv][ gud,
QJ B,(z) Bio(z)

which implies h(z) < cpc3 A g, (z), Vo € X, whence
[ 19 ulds < cacec ¥ 1Dul(4).
A
Equality in (19) depends on the lower semi-continuity of the functional

w—s / IVulldy, A€ Tx,
A

with respect to the L' topology; this happens for instance in the Euclidean case and in the C—C
spaces (see Section 5.3) since

/ [|Vul|dp = sup {/ udivedu : ¢ € A} ,
A A

where A is a class of admissible functions (for example the class of smooth compactly supported
functions with norm less or equal than one).
The following proposition can be proved by a diagonal argument using the definition of |Dul|(A).

Proposition 3.6 (Lower Semi-continuity) Let @ C X be an open set and let (up)y be a se-
quence in BVioe(Q, u; V) such that up, — u in L} (Q,u;V); then

loc

[|Dul|(4) < limhinf [|Dupl||(A), for any open set A C Q.

In particular, if sup, ||[Dupl|(4) < +oo for any open set A € Q, the limit function u is in
BVIOC(Q7 3 V) -

The following theorem easily follows by the compactness of the embedding of Wllo’c1 (V) in
L, (V).

Theorem 3.7 (Compactness) Let (up)n C BViee(Q2, 13 V) be a bounded sequence with respect
to the norm of L (0, u; V) and satisfying supy, || Duy||(A) < +o0o for any open set A @ Q. Then

loc

there exist u € BVioe(Q, u; V) and a subsequence (up, )i converging to u in L} (Q,u; V).

loc

12



We end this section with the following Theorem, which gives the equivalence of point 3. 4. of
Proposition 1.1.

Theorem 3.8 Let (X,d,u) be a Poincaré space, Q@ C X open and let u € L*(X,u;V); then the
following conditions are equivalent;

e u€BV(Q,uV);

e there exists a positive finite measure v such that for every ball B = B,(x) with AB C ) there
holds

(21) min/ [lu — ug||dp < ov(AB);
ceR Jp

moreover there erists a constant ¢ = c¢(cp) such that ||Du|| < cv.

PROOF: Let us consider the sets A(1/h) and the partitions of unity given by Proposition 2.3.
We define the sequence of functions

un(z) = Z UBa¢gh)(37)-

a€A(1/R)

It is clear that up, € Lip(X; V) (it is locally a finite combination of Lipschitz functions). We first
prove that uy — u in L'; let us denote by &, the optimal constant for (21) on 2B,. We have that

u(@) —up(@) = Y (u(z) —up,))$ (@),

a€A(1/h)

then using the fact that ¢,(1h) < 12B,, we obtain that

/Ilu—Uhlldu < > / llu — u2B, ||du
X a€A(1/h)
< 5 ([ I daldut 16n  unlln252)).
acA(1/n) Y 2Ba
But
s = um | < s [Nl < s [ = calldus
o —UB,|| < —5 —Ca S 0y — CallQH;
:U/(Ba) Bg M(Ba) 2B,
then
2 2 p(2B.)
[u-wlan < 2 (Rueany+ 22
X aeA(l/h) h h p(Ba)v(2AB,)
4
< —cD z v(2\B,) EcDﬂV(X).

a€A(1/h)

Now we prove the equiboundness in BV(X); on every ball B, we have
/ Vulldy = / IV (6 — o)l < 3 lles — call / VP lldi < 3 llew — eaChu(@By).
B, B, b X b~a

But, if b~a, then we have that

s — call < ;:EB ,
and then
[ 17wl < S P B BL)hu(2B) < civ(B)

In conclusion we find that

[ ulldu<s 3 Vulde<es Y v

a€A(1/h) a€A(1/h)

and so the theorem is proved.
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4 Sets of finite perimeter

In this section we define the sets of finite perimeter; the idea of the definition is the same of that
of Euclidean case, that is the definitions given by Caccioppoli [7] and De Giorgi [10], (see also
Federer [13], Giusti [18], Mattila [29] Maz’ya [30] and Ziemer [34]). From now on we will assume
that V =R, and then we shall denote by | - | the Euclidean norm on R.

Definition 4.1 (Caccioppoli Sets) Let Q2 C X be an open set and let E € BX . We say that E
has (locally) finite perimeter in Q if 1g € BV(Q, u) (BVioc(2, 11)). In the sequel we will indicate
with Cacc(Q) (Caccioc()) the class of the sets of (locally) finite perimeter in Q and we will write
[|OE||(A) in place of ||D1g||(A) for any Borel set A C Q.

A possible question at this stage is the existence of Caccioppoli sets. We have the following
Proposition.

Proposition 4.2 (Coarea Formula) For any u € L} _(Q,p); if we set Ey = {u > t}, we have

loc

+oo
(22) / 1OE|(A)dt = [|Dull(A).

—00

for every open set A € Tq. In particular, if u € BV(X, u), then for almost every t € R the set E;
has finite perimeter and formula (22) holds for every Borel set A € B(X).

Proor: Following Evans [12], given u € Lip;,.(2) and A € Q, we define the function
(23) mit) = [ [1Vul@du(o)
E:nA

where E; = {u > t}. The function m is a non—decreasing and bounded, hence differentiable at
almost every t. Let then ¢ be a differentiability point of m and define the functions (gp)p : R = R

1 s<t
(24) grn(s) =< h(t—s)+1 t<s<t+1/h
0 s>t+1/h.

We define the sequence vy, (z) = gp(u(z)); in this way we obtain that vy, — 1g, in L'(A, x). Indeed

/ lon(2) — 15, (2)|dps(z) = /
A {t<u<t-+1/h}NA
< u{t<u<t+1/n}) =0,

gn(u(z))dp(z)

because {t < u <t+1/h} \ 0. So it suffices to prove that the quantities |Dvy|(X) are bounded.
For this purpose, we note that

(25) / [Vop(@)|du(z) < h |Vul(z)dp(x)
A {t<u<t+1/h}NA

= h(m(t+ 1/h) — m(t)).
Then, passing to the limit A — oo in (25), we have that
(26) 10E[|(A) < lim sup [ Dunll(A) < m'(2).

Integrating (26), we get

—+oo
(27) | wEda < [ [Vuldp.

—o0 A
By approximation and using the lower semi-continuity of the perimeter, we obtain the same
inequality for every BV function u (see Evans-Gariepy [12] for details). For the reverse in-
equality, assuming that u takes values in [—1,1], for any fixed h € N we consider numbers
tin€((j—1)/h—1,j/h—1) (j =1,...,2h) such that

1 i1
sloB; ) < [ oEat

T |
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where Ej , = {u >t 5}. Then we define the sequence

1 2h
up(z) = -1+ 7 Z 1g;,(2).
Jj=1
It is clear that
1
(28) 1Dunll(4) < / (A

Then we are done if we prove that up, — u in L'(A). We define the sets

Fip={tin <u<tiy1,n};

then
2h
Ejn= U Fin,
=j
and
| 2h 2h 1 2h
up(z) = -1+ 7 ;;jlﬂh(x) =1+ 7 ;ZIFM(%)-

In this way we obtain that, since on Fj , we have that |u —i/h+ 1| < 1/h,

2h
Ju — upldys = /

because A € Q. Clearly a little modification of this proof gives (28) if u takes values on [—n,n]
for any n € N; then (22) follows by taking the limit as n — oc.

) 1
——+ < - - 0.
u=g l‘du u(4) -0

O

Remark 4.3 We notice that if u € BV (X, i), then we obtain the following general Coarea For-

mul
a /:o (/A“(“’)d”aEtH(x)) at= [ v@d|pul @)

for any measurable function v : X — R and A € B(X).

This lemma enables us to obtain a large class of Caccioppoli sets, that is almost all sub-level set of
Lipschitz functions. In particular, by considering the distance function from the center, we have
that almost every ball has finite perimeter.

Corollary 4.4 Let o € X be fized; then for almost every o > 0 the ball By(x0) has finite
perimeter.

The following theorem gives a local version of the isoperimetric inequality for sets of finite perime-
ter.

Theorem 4.5 (Isoperimetric Inequality) Let X be a Poincaré space; then there exists a con-
stant cr > 0 such that

S
s

) loB|(AB) =

(29) min {u(E N B), u(E° N B)} < (2¢5)7"T (H(QB)

for every E € Cacc(X) and for every B = By(z) C X.

PROOF: Let us suppose that u(E N B) < p(E° N B); then if u = 1,

> pEnp T2 (i( E)B)

%min {w(ENB),u(E°N B)}

”u - UB| Lﬁ(B)

s=—1
s

v
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Then, by (18) we obtain that

1

)S loEI(AB),

s—1 S

min {u(E N B),u(E° N B)} = < 2cs (N(QB)

which proves the theorem.

Remark 4.6 Inequality (29) reduces, in the Ahlfors-regular case (see Definition 36), to

(30) min {u(E N By(x)), w(E° N By(z))} < c1l|0E||(Bxg(x)) 1,
where ¢ = (2¢5)*/ (s V¢ 7%,

We end this section with the following Proposition.

Proposition 4.7 The class Cacc(X) is an algebra, i.e. we have that
1. B, X € Cacce(X);
2. if E € Cacc(X), then E° € Cacc(X) and ||OE°|| = ||OE||;
3. if By, Es € Cacc(X), then E1 N Es, E; U Es € Cace(X) and

10(Ey N E2)|| + [|0(E1 U Es)|| < [|0E: || + [|OEx]|-

ProOF: The first property is trivial. We prove 2.; given E € Cacc(X), we take a sequence
(un)n C Lip(X) converging to 15 with equibounded total variations. Then the sequence 1 — uy,
converges to 1g- and

(31) IOE(|(X) < lim inf | Dup|(X).
We note that (31) gives [|0E°||(X) < [|0E]|(X); but then, interchanging E° and E, we obtain that
(32) IOE°|| = [|0E]|.

To show 3., given E, E5 € Cacc(X), we have to prove that Ey N Ey, E; U Ey € Cacc(X). We take
0 < wp,vp <1 two sequences of Lipschitz functions with up, — 1g,, vn = 1E, and |Dug|(X) —
[|0E1||, |Dvn|(X) — ||O0E2||. Then upvy, = 1g,nE, and up + vp — upvp — 1g,uE,; on the other
hand

|V (upvp)| < (v +€)|Vup| + (up + €)|Vopl,

|V(Uh + vp — uhvh)| = |V(Uh + vp — upvy — 1)| = |V(1 - uh)(l — Uh)|
(1 = up)[Vor| + (1 = vp)[Vug|.

AN

Putting together these last two equations, we get
(33) I0(Ey U B[ + [[0(EL N Ey)|| < / IV (un + vn — unvn)|dp
X

N / IV (unon)|dp
X

49 ([ 1Vunlan+ [ [Vunlan)

IA

which gives the desired inequality.
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5 Some examples and applications

In this section we will see some particular examples of doubling spaces; more precisely, we will
first see the case of Ahlfors—regular metric spaces, and then we will take a little view on the
Carnot—Carathéodory spaces (C-C spaces). In the last paragraph we will see the case of weighted
Euclidean spaces.

5.1 Weighted Spaces

We compare here the definition of BV —functions given above with that given by Baldi [5]. We
have a given weight function w € A}, i.e. w is a lower semi-continuous function such that there
exists a positive constant A > 0 with

1
B /B wdz < Allw]l= 5,

for every ball B (here |B| denotes the Lebesgue measure of B). We recall that a function u €
L'(Q,w) with Q an open subset of R, is said to be in BV, (Q2) if

var,u(Q) := sup {/ udivedz : |¢| Sw,d € LipO(Q)} .
Q
Then, since for u € Lip(2), we have that
var,u() = / |Vu|wdz
Q

and the function u — var,u(f?) is lower semi-continuous, we get that
(34) 1Dul|(2) > var,u()

and then BV, () C BV(Q, u). On the other hand, if w € Lip(f2), then, for every u € BV, (Q), it
is possible to find a sequence (up,), of Lipschitz functions with up — u in L' and

(35) var,up () = var,u(Q).

Then ||Du||(R2) < var,u(f2) and then BV(Q, u) C BV, (Q2); moreover, by (34) and (35), we get
[|Dul|(2) = var,u(Q). If the weight is not Lipschitz, we can only say that there exists e sequence
up, of Lipschitz functions converging to u such that var,us(Q) < ¢ -var,u(?) for some constant
¢ > 0; in this case we have again that the spaces BV(Q, u) and BV, () coincide, but for the total
variations we have only that

var,u(Q) < ||Du||(Q) < cvar,u().

5.2 Ahlfors—regular spaces

First of all we recall that an Ahlfors—regular space of dimension s > 0 is a measure metric space
(X,d, p) such that there exist two constant ¢z > ¢; > 0 with

(36) car’® < pu(B.(z)) < cor?, Vz e X,0 <1 < A(X).

In other words, an Ahlfors-regular metric space X is a metric space with a given measure g which
is equivalent up to a multiplicative constant to the s—dimensional Hausdorff measure.

Notice that (R™,|- |, £™) is Ahlfors—regular with ¢ = ca = wy; other examples of Ahlfors regular
spaces are the Carnot—Carathéodory spaces (see below). Laakso [28] gave examples of s—Ahlfors
regular spaces supporting a Poincare inequality for every real number s > 1; Hanson—-Heinonen [24]
give examples of n—dimensional Ahlfors-regular spaces which support the Poincaré inequality and
without manifold points.

We have seen in Proposition 4.2 that the fact that the balls in a metric space have finite perimeter
is related with the differentiability property of the function

m(t) = p(Bi(x)),
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and the perimeter is controlled by
0B < m/(2).

For an Ahlfors—regular space, the control in (36) with exponent s on the measure p does not imply
the same good control with exponent (s — 1) on the perimeter measure. Nevertheless, if we denote
by

E. = {t € [a,b] : [0B|| > ct*~'},

then we obtain that

More precisely, we have that

b b b
[10Bs|| / m/(t) / 1
g < | T lar < D
/EC dt</a gl i ot < ; ——rdDm(t)
b b
m(t) +: / (3—1)—";?)511:

cts—1 a
1
< E(czb—cla—}—cQ(s—l)(b—a)).

|Ee|

which is the desired inequality.

In this context, Ambrosio [1] in a recent paper proved that for any set E of finite perimeter it is
always true that [|0E|| < H* !. Moreover, it is possible to prove that there exist a constant ¢ > 0
and a Borel function 0 : X — [¢,00) such that

IOE||(B) =/ 0dH*', VB € B(X),
BNo*E

where 0*F is the essential boundary of E, i.e. the set of points where the volume density of E is
neither 0 nor 1.

Remark 5.1 If in addition the measure u is s—uniform, i.e. if there exists a constant ¢ > 0 such
that
w(B,(z)) =cr?, Ve e X, 0 <r < A(X),

then the function m(t) is differentiable at every point. In particular, every ball has finite perimeter
and the estimate

(37) |0B]| < est®™,

for every z € X, 0 < t < A(X). Examples of metric measure spaces with uniform measure are
given by the Carnot groups, as we will see in subsection 5.3.

We notice that in (37) equality does not hold in general; this happens for example if the metric is
geodesics and if in (19) equality holds.

5.3 C-C spaces

A Carnot—Carathéodory € space is defined by giving an open set  C R” and m < n vector fields
X = (X1,...,X;) with locally Lipschitz coefficients on ; a distance on (Q is defined by taking
the infimum of length of admissible curves v joining points in 2, where an admissible curve is a
curve with tangent vector to v generated at every point by the vector fields X. We shall assume
that this distance is everywhere finite; this assumption is ensured if for instance the vector fields
are smooth and satisfy the Héormander condition, that is if the Lie algebra generated by X is the
whole space R™. The measure that we will consider is the Lebesgue measure on R”.

In this setting the space of bounded variation functions BVx (2) is usually defined as the space of
functions u € L'(Q) such that

[|Dul|x (2) = sup {/ udivy« ¢dz : ¢ € Cé(Q,R"), [|B]loo < 1} < 400,
Q

18



where divx« ¢ = X} ¢!, with X* the adjoint vector field of X. We notice that if u is for example
Lipschitz, then

[ Ivular = sup{ / <vxu,¢>dx:¢ecé<n,RM),||¢||oo51}
Q Q

= sup {/Qudivx* odr : ¢ € Cé(Q,Rm), [|@]]oo < 1} = || Du||x (£2),

where by Vxu we mean the vector (Xju,...,X,u). Then, if we take u € BVx (), we can find
a sequence of regular functions (up), converging to u with ||Du||x(2) — ||Du||x(Q); but then
[|Dul||(2) < ||Du||x(€2). The reverse inequlity follows by the lower semicontinuity of ||Dul|x.
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