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1 Introduction

The standard principal-agent model under moral hazard has the following structure: A

principal (she) offers a contract to an agent (he) to induce him to carry out an action on

behalf of the principal. If the contract is accepted, the agent then chooses an action which is

unobservable to the principal and which stochastically generates an observable and verifiable

information system: a monetary outcome and a monitoring signal. The monetary outcome

is then shared between the principal and the agent as specified by the contract, which also

denotes the end of the contract relation.

The standard model assumes that the decision process on information systems is outside

the scope of the model. That is, the selection and modification of the information system

is treated as outside the principal’s control. Often, however, it is possible for the principal

to further improve the optimal contracting if we endogenizing these controls. The literature

diverges in two main approaches. The first approach assumes that the principal can improve

the accuracy of the information system by devoting resources to that objective (monitor-

ing). The optimal contracting should balance the marginal benefit and the marginal cost of

monitoring. Since this approach is not the focus of this paper, we avoid the discussion here.

Interesting readers can refer to Chapter 7 in Milgrom and Roberts (1995) and Demougin

and Fluet (2001).

This paper belongs to the literature on the second approach. The second approach

assumes that instead of just one information system, the principal has access to multiple

information systems. Before offering a contract to the agent, however, the principal has to

decide which information system to be written in the contract. A natural question raised

within this approach is how the principal compares information systems with each other so

as to choose the one that maximizes her own welfare.

This question was first raised and analyzed by Holstrom (1979) in Section 5 of that article.

Holmstrom (1979, 1981) discovered the so-called informativeness criterion for comparison of
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inclusive information systems1: the information system with the additional signals is strictly

preferred by the principal if and only if the additional signals are marginally informative

about the agent’s action. Holmstrom proved that the informativeness criterion is the neces-

sary and sufficient condition for comparison of inclusive information systems, and suggested

that informativeness should be related to the variability of likelihood ratios.

Kim (1995) formalized this intuition by proving that the Mean Preserving Spread (MPS)

criterion is sufficient for comparing arbitrary information systems. The criterion states that

for two information systems X and Y , X is more efficient than Y if the likelihood ratio

distribution of X is a MPS of that of Y . Kim (1995) compared his MPS creation to Holm-

strom’s informativeness criterion and Blackwell’s statistical sufficient criteria developed in

the decision-theoretic context.2 He found that Holmstrom’s criterion is equivalent to the

MPS criterion when applied to comparison of inclusive information systems, and that Black-

well’s criteria is not only unnecessary for ranking information systems in the agency model,

but it is also excessively restrictive as a sufficient condition. Moreover, Kim emphasized that

there is an essential difference between a decision-theoretic problem and an agency problem.

In the former the decision maker attempts to estimate some unverifiable variable, while in

the later the principal attempts to control the agent’s hidden action. Jewitt (1997 & 2007)

proved that the MPS criterion is not only sufficient but also a necessary condition.

Based on Kim’s work, in an agency model with both parties being risk neutral, Demougin

and Fluet (1998) defined the notion of “mechanism sufficiency” and distinguished it from the

concept of “statistical sufficiency” in Blackwell’s theorem: “a signal is said to be statistically

sufficient for an other random variable if no informational content is lost”, while a signal is “to

be ‘mechanism sufficient’ for an other random variable if none of the information relevant to

the principal is lost.” Later, Demougin and Fluet (2001) re-examined the difference between

the two sufficiency concepts in the standard agency model with risk averse agent. More

1Two information systems are inclusive if one has more sources of signals than the other so that the later
is a proper subset of the other.

2See Blackwell (1951, 1953).
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importantly, they presented the integral criterion, which states that an information system

is more efficient than another if its distribution function is more sensitive to the agents effort,

and proved that the integral criterion is equivalent to Kim’s MPS criterion.

One common characteristic of the above models is that either the principal is risk-neutral

or the monetary outcome is observable and verifiable, so that the information system per-

forms the incentive-providing function only, and thus all the existing criteria compare in-

formation systems one-dimensionally on their efficiency in incentive-providing. Indeed, Kim

(1995) and Demougin and Fluet (1998, 2001) analyzed the standard agency model with a

risk-neutral principal, whose expected utility is not affected by risk; in general, the infor-

mation system providing more incentives at lower cost is more efficient. On the other hand,

Holmstrom (1979, 1981) assumed that the monetary outcome is observable and verifiable.

Because the monetary outcome, itself as an information system, is most efficient in sharing

the risk inherent in the monetary outcome, any additional information system is valuable if

and only if it is marginally more efficient in incentive-providing than the monetary outcome.

Thus the current literature leaves uncovered the case where both parties are risk-averse

and the outcome is unobservable (at least at the time when the contract relation ends) so

that information systems actually perform two functions: rewarding the agent for productive

work and sharing between the parties the uncertainty inherent in the stochastic outcome.

Real life situations often seem to be in this ignored case: often it is the quality outcome that

the principal cares about, and the quality outcome is likely to be unobservable. For example,

an risk-averse individual (the principal) drives her car to a service station (the agent) for

repair, and she cares about the quality of the service that she receives. Because she has to

pay the station right after the work is done, the quality is not perfectly observable at the

time when she has to pay.

This paper intends to fill this gap. In this paper, we extend the literature to a general

principal-agent model where both parties are risk-averse and where the final outcome is un-

observable. We examine information systems on two dimensions: (1) incentive-providing
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and (2) risk-sharing. We first identify the most efficient information systems. Then we de-

velop an extended informativeness criterion for comparison of inclusive information systems,

and a MPS-SOSD criterion and a MPS-FOSD criterion for comparison of scalar information

systems.

The rest of this paper is organized as follows. In section 2, we describe the basic framework

of the model. We present the main results in Section 3: the most efficient information

systems in Subsection 3.1; the extended informativeness criterion in Subsection 3.2; and the

MPS-SOSD criterion and the MPS-FOSD criterion in Subsection 3.3. Section 4 concludes.

2 The model

A risk-averse principal faces a set of information systems, Γ. Once the principal chooses an

information system, X ∈ Γ, she makes a take-it-or-leave-it offer, s(x), to a single risk-averse

agent with outside reservation utility of 0. If the contract is accepted, the agent then chooses

a hidden action (or effort), a ∈ A, which has a stochastic effect on the information system

X, and stochastically generates a outcome, which the principal cares about and which has

a monetary representation, B.3 We refer to B as the monetary outcome henceforce. After

observing the realization of the information system, the principal pays the agent as specified

by the contract and the contract relation ends. The time line of events are displayed in

Figure 1.

We use the terms “information system” and “signal” interchangeably in this paper. The

notion of information system can be made precise as follows.

Definition 1. An information system, X, is an observable and verifiable random variable

(or vector) whose distribution is affected by the agent’s action.

3B can be interpreted as the principal’s willingness-to-pay for the outcome, if the outcome itself, such as
the quality outcome, is not monetary.
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This term “verifiable” is used to indicate that enforceable contracts can be written on

the information systems.

On the other hand, we assume that the monetary outcome is unobservable at the time

when the agent has to be paid, thus B /∈ Γ and no enforceable contract can be written on

the monetary outcome.

The joint conditional probability distribution of the outcome and the information sys-

tem, given agent’s action is common knowledge and is denoted by GX(b, x|a) with b ∈ B,

x ∈ X, and a ∈ A, where B and X are the sample spaces of B and X respectively. The

corresponding conditional density function is gX(b, x|a). The conditional marginal probabil-

ity distribution function of the information system X, given the agent’s action is FX(x|a),

and the corresponding marginal density function is fX(x|a). The principal’s utility function

U(w) is defined over wealth only, while the agent’s utility function H(w, a) is defined over

wealth and action.

We make the following standard assumptions to simplify out model.

Assumption 1.

U ′ > 0, U ′′ < 0; H(w, a) = u(w)−c(a), with u′ > 0, u′′ < 0, c′ > 0, and c′′ > 0.

Assumption 2. For any fX(x|a), the support X is independent of the agent’s action choice.

Assumption 3. The “first order approach” to the principal’s problem is valid.4

The principal solves for s(x) and a in the following program P1

P1: U ∗(X) = max
s(x)≥k,a

∫

X

∫

B
U(b− s(x))g(b, x; a)db dx (1)

s.t.

∫

X
u(s(x))f(x; a)dx− c(a) ≥ 0, (2)

∫

X
u(s(x))fa(x; â)dx− ca(a) = 0. (3)

4This is a standard assumption in the literature. See Holmstrom (1979), Kim (1995), and Demougin and
Fluet (2001).
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Here, k is the lower bound of the agent’s compensation, which is introduced to avoid a possi-

ble nonexistence problem.5 In the program P1, Constraint (2) is the Individual Rationality

(IR) constraint, saying that the agent’s expected utility must be no less than his outside

reserve utility. Constraint (3) is the relaxed Incentive Compatibility (IC) constraint, saying

that given the payment schedule s(x), a maximizes the agent’s expected utility. P1 is re-

ferred to as the relaxed program (see Rogerson (1985)), because the original IC constraint

is relaxed by the first-order necessary condition. Let λ∗ be the multiplier for Constraint

(2) and µ∗ the multiplier for Constraint (3), then pointwise optimization of the Lagrangian

with respect to s(x) yields the following characterization of an optimal compensation sched-

ule, which is referred to as the Borch rule, named after Borch (1962) (see also Bolton and

Dewatripont (2005), Holmstrom (1979) and Kim (1995)).

∫
U ′(b− s(x))gX(b|x, a)db

u′(s(x))
= λ + µ

fXa

fX

(x|a). (4)

We denote the solution to P1 by S ∗(X) ≡ (
a∗X , s∗X(x), U ∗(X)

)
.

3 The Main Results

Before we proceed with any criterion that compares information systems in terms of their

relative efficiencies, the notion of efficiency should be made precise.

Definition 2. Given two information systems, X and Y . X is more efficient than Y if

U ∗(X) ≥ U ∗(Y ) in any agency problem P1 satisfying Assumption 1. X is as efficient as

Y if U ∗(X) = U ∗(Y ). X is strictly more efficient than Y if U ∗(X) > U ∗(Y ).

3.1 The Most Efficient Information Systems

Proposition 3.1. If X = (a,B), then U ∗(X) ≥ U ∗(Y ), ∀Y ∈ Γ.

5See Mirlees (1974) and Kim (1995).
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Proof. It suffices for us to prove that U ∗(X) ≥ U ∗((a, Y )), ∀Y ∈ Γ, as it is trivial that

U ∗((a, Y )) ≥ U ∗(Y ).

Note that with information system X = (a,B), the agent’s action, a, is observable and

verifiable, thus the principal solves the following program with only the IR constraint:

U ∗((a,B)
)

= max
s(a,b)≥k,a

∫
U(b− s(a, b))g(b; a)db (5)

s.t.

∫
u(s(a, b))f(b; a)db− c(a) ≥ 0. (6)

Similarly, with information system (a, Y ), the principal solves the following problem

U ∗((a, Y )
)

= max
s(a,y)≥k,a

∫∫
U(b− s(a, y))g(b, y; a)db dy (7)

s.t.

∫
u(s(a, y))f(y; a)dy − c(a) ≥ 0. (8)

Denote the solution to the program (7)-(8) by
(
a∗Y , s∗Y (a, y)

)
. Then we construct a com-

pensation schedule s(a∗Y , b) such that

U(b− s(a∗Y , b)) =

∫
U(b− s∗Y (a∗Y , y))g(y|b, a∗Y )dy, ∀b ∈ B. (9)

Then by Jensen’s inequality, we have

b− s(a∗Y , b) ≤
∫ [

b− s∗Y (a∗Y , y)
]
g(y|b, a∗Y )dy,

s(a∗Y , b) ≥
∫

s∗Y (a∗Y , y)g(y|b, a∗Y )dy,

u(s(a∗Y , b)) ≥ u(

∫
s∗Y (a∗Y , y)g(y|b, a∗Y )dy) ≥

∫
u(s∗Y (a∗Y , y))g(y|b, a∗Y )dy,

∫
u(s(a∗Y , b))g(b|a∗Y )db− c(a∗Y ) ≥

∫
u(s∗Y (a∗Y , y))g(y|a∗Y )dy − c(a∗Y ) ≥ 0.
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Thus there must exists a constant ε ≥ 0 such that
∫

u(s(a∗Y , b) − ε)g(b|a∗Y )db − c(a∗Y ) ≥ 0.

Thus
(
a∗Y , s(a∗Y , b) − ε

)
satisfies the IP constraint in, and is a potential solution to, the

program (5)-(6). Thus we have

U ∗(X) ≥
∫

U(b− s(a∗Y , b) + ε)g(b|a∗Y )db ≥
∫

U(b− s(a∗Y , b))g(b|a∗Y )db

=

∫∫
U(b− s∗Y (a∗Y , y))g(b, y|a∗Y )dy db = U ∗((a, Y )

)
,

where the first inequality follows from the fact that U ∗(X) is the principal’s maximum

expected utility in program (5)-(6), and the first equality follows from (9), and the last

equality follows from the fact that
(
a∗Y , s(a∗Y , y)

)
is the solution to the program (7)-(8).

The proposition says that as long as the agent’s action and the monetary outcome are

observable and verifiable, there is no need to acquire any other information systems. No

information system can generate a higher expected utility for the principal than the agent’s

action and the monetary outcome do. In this sense, the agent’s action and the monetary

outcome, together as an information system, dominate any other information systems.

This result should not be surprising. As we have mentioned in the introduction, in our

model an information system performances two functions: giving incentives to the agent

for productive work and sharing between parties the uncertainty inherent in the stochastic

outcome. The agent’s action, as a signal, is most efficient in incentive-providing, while the

monetary outcome, as a signal, is most efficient in risk-sharing. Altogether, (a,B) is most

efficient among all information systems.

In the rest part of the paper, we devote ourselves to the study of comparison criteria in

cases when neither the agent’s action nor the monetary outcome is observable.

3.2 The Extended Informativeness Criterion

In this subsection, we analyze the comparison of inclusive information systems, which is

defined as follows.
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Definition 3. Two information systems are inclusive if one has more sources of signals than

the other so that the later is a proper subset of the other.

This term is firstly used by Kim (1995) to describe situations where Holmstrom(1979)’s

informativeness criterion is applicable. Suppose there are two inclusive information systems,

X and (X,Y ). Naturally, the principal’s maximum expected utility is nondecreasing with

the number of signals in an information system. Thus U ∗((X,Y )
) ≥ U ∗(X). If there

exists a s∗(x, y) = s(x), then s∗(x, y) is also a solution to the program P1 with X, thus

U ∗(X) = U ∗((X,Y )
)
. Conversely, if U ∗(X) < U ∗((X,Y )

)
then s∗(x) can not be a

solution to the program P1 with (X,Y ), thus exists no s∗(x, y) = s(x). Therefore we have

the following lemma.

Lemma 1. U ∗(X) ≤ U ∗((X,Y )
)
. U ∗(X) = U ∗((X,Y )

)
if and only if ∃s∗(x, y) = s(x).

Proposition 3.2. (Extended Informativeness Criterion)

U ∗(X) = U ∗((X,Y )
)

if and only if

g(b, x, y|a) = φ(x, y)g(b, x|a), ∀a and for almost all (x, y) ∈ X× Y. (10)

Proof. First, we prove that Condition (10) implies Holmstrom’s informativeness criterion

that

f(x, y|a) = φ(x, y)f(x|a). (11)

From (10) we have

g(b, x, y|a) = g(y|b, x, a)g(b, x|a) = φ(x, y)g(b, x|a), ∀a and for almost all (x, y).

Thus

g(y|b, x, a) = φ(x, y), for all a and almost all (x, y). (12)
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Taking expectation on the LHS of (12) with respect to f(b|a, x), we get

∫
g(y|b, x, a)f(b|a, x)db =

∫
g(b, y|a, x)db = g(y|a, x).

Taking expectation on the RHS of (12) with respect to f(b|a, x), we get

∫
φ(x, y)f(b|a, x)db = φ(x, y).

Taken together, g(y|a, x) = φ(x, y) and thus f(x, y|a) = φ(x, y)f(x|a).

Proof of sufficiency. Assume (10). We prove that for any s(x, y), ∃s(x) that weakly

pareto dominates s(x, y).

Define s(x) as follows

∫
u(s(x, y))φ(x, y)dy = u(s(x)). (13)

Then from (11) and (13), we get

∫
u(s(x, y))f(x, y|a)dxdy =

∫
u(s(x))f(x|a)dx.

Thus s(x) result in the same action and welfare for the agent.

By Jensen’s inequality, (13) implies

∫
s(x, y)φ(x, y)dy ≥ s(x) =

∫
s(x)φ(x, y)dy

∫
(b− s(x, y))φ(x, y)dy ≤

∫
(b− s(x))φ(x, y)dy

∫
U(b− s(x, y))φ(x, y)dy ≤

∫
U(b− s(x))φ(x, y)dy

∫∫
[

∫
U(b− s(x, y))φ(x, y)dy]g(b, x|a)dxdb ≤

∫∫
[

∫
U(b− s(x))φ(x, y)dy]g(b, x|a)dxdb

∫∫∫
U(b− s(x, y))g(b, x, y|a)dbdxdy ≤

∫∫
U(b− s(x))g(b, x|a)dbdx
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The principal is at least as well off with s(x) as with s(x, y). Thus s(x) weakly pareto

dominates s(x, y). This completes the proof for sufficiency.

Proof of necessity. The proof of necessity is completed in two steps. We first prove that

if (11) is false, then for ∀s(x), there exists a s(x, y) that strictly pareto dominates s(x).

Secondly, we prove that if (11) is true, but (10) is false, then U ∗(X,Y ) > U ∗(X). Because

(10) is a stronger condition than (11), these two steps prove the necessity of (10).

Step 1: Suppose with the compensation schedule s(x), the agent’s action is â, the multi-

pliers for the agent’s participation constraint and incentive compatibility constraint is λ and

µ, respectively. Fix x for a moment. The principal and the agent’s marginal return dU p

and dU a-conditional on x, from an small additional variation ds(x, y) in the sharing rule,

are 6

dU p = −
∫

U ′(b− s(x))g(b|x, â)db

∫
ds(x, y)f(x, y; â)dy + λu′(s(x))

∫
ds(x, y)f(x, y; â)dy

+ µu′(s(x))

∫
ds(x, y)fa(x, y; â)dy. (14)

dU a = u′(s(x))

∫
ds(x, y)f(x, y; â)dy. (15)

From (11) it follows that there exists a set Y in the range of y with positive probability

measure, and correspondingly for the complement Y c, such that

fa

f
(x, Y |â) >

fa

f
(x, Y c|â).

Because µ 6= 0,7 choose a variation ds(x, y) such that ds(x, y) > 0 if µ > 0 (ds(x, y) < 0 if

µ < 0) and

ds(x, Y )f(x, Y |â) + ds(x, Y c)f(x, Y c|â) = 0.

6For the mathematical technique used for deriving these formula, refer to proposition 9.6.1 in Luenberger
(1969). See also Holmstrom (1979).

7This is because the first-best solution is unavailable.
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Then from (14) and (15), it follows that

dU p = µu′(s(x))ds(x, y)f(x, Y |â)[
fa

f
(x, Y |â)− fa

f
(x, Y c|â)] > 0.

dU a = 0.

Thus the principal is strictly better off with the additive variation ds(x, y).

Step 2: In this step we show that if (11) is true, but (10) is false, then U ∗(X,Y ) >

U ∗(X).

The Borch rule for (X,Y ) is

∫
U ′(b− s(x, y))

u′(s(x, y))
g(b|x, y, a)db = λ + µ

fa(x, y|a)

f(x, y|a)
. (16)

If (11) is true, then the RHS of (16) is constant in y, thus the LHS of (16) must also be

constant in y. However, if (10) is false, then g(b|x, y, a) 6= g(b|x, a). Thus to make the

LHS of (16) constant in y, it must be true that U ′(b−s(x,y))
u′(s(x,y))

varies in y, which implies that

s(x, y) 6= s(x). Then according to Lemma 1, U ∗(X) < U ∗(X,Y ). This completes our proof

of necessity.

To interpret the extended informativeness criterion, note first that (10) implies the Holm-

strom’s informativeness condition that f(x, y|a) = φ(x, y)f(x|a). That is, x is a sufficient

statistic for the pair (x, y) with respect to a, which means that x carries all the relevant

information about a, and y adds nothing to the power of incentive-providing. The signal Y

is redundant for incentive-providing when X is available, and could only possibly be used

for the risk-sharing purpose.

Secondly, Condition (10) can also be proven to be equivalent to g(b|a, x) = g(b|a, x, y).

That is, the condition distribution of B, given action a and realized signal x, is independent

with y, which means that a and x carry all the relevant information about B, and y adds

nothing to power of inference of B. Keep in mind that agent’s action is actually known at
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the equilibrium, thus the signal Y is redundant for risk-sharing when X is accessible. Since

Y is redundant for both the incentive-providing and risk-sharing purposes, Y is valueless

when (10) holds.

On the other hand, if (10) is false, y contains some information about either a or B

beyond that conveyed by x, y should then be used in the contract to improve the principal’s

welfare.

3.3 The MPS-SOSD and MPS-FOSD Criteria

Our task in this subsection is to develop comparison criteria that can be applied to scalar

information systems, which are defined as follows.

Definition 4. An information system X is scalar if it can be represented by a random

variable over the support X ⊂ R.

We refer to the following program P2 as the doubly-relaxed program

P2: U ∗∗(X) = max
s(x)≥k,a

∫

X

∫

B
U(b− s(x))g(b, x; a)db dx, (17)

s.t.

∫

X
u(s(x))f(x; a)dx− c(a) = 0, (18)

∫

X
u(s(x))fa(x; a)dx− ca(a) ≥ 0. (19)

The term “doubly-relaxed” indicates the fact that the IC constraint in the above program is

weakened even further from the relaxed program. Let S ∗∗(X) =
(
a∗∗, s∗∗(x), U ∗∗(X)

)
be

the solution to P2 with the information system X.

To get prepared for the main result in this subsection, we state and prove two lemmas.

Our main result, Proposition 3.3, follows directly from these two lemmas.

The first lemma is the Lemma 1 in Xie (2009), which states that under certain regularity

conditions, any solution to P1 is also a solution to P2, and the optimal payment schedule

increases in the realization of the signal. We denote the principal’s and the agent’s absolute
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risk-aversion by RA(·) and rA(·) respectively.

Lemma 2. Suppose that

RA

(
b− s

) ≤ rA

(
s
)
, ∀b and ∀s. (20)

If a scalar information system Z satisfies the following conditions

∂ fa

f
(z|a)

∂z
≥ 0, ∀z and ∀a (21)

∂ gz

g
(b|z, a)

∂b
≥ 0, ∀z, ∀b, and ∀a (22)

∂ ga

g
(b|z, a)

∂b
≥ 0, ∀z, ∀b, and ∀a (23)

then

S ∗(Z) = S ∗∗(Z), (24)

µ∗ > 0, (25)

s∗z(z) > 0, ∀z ∈ Z. (26)

Some insight can be gained by inspecting the conditions laid out in Lemma 2. Condition

(20) assumes that the principal is less risk averse than the agent. This assumption is rea-

sonable, because the principal often is more tolerant of risk and better able to bear it than

the agent.

Conditions (21)-(23) put restrictions on the stochastic relationship between the agent’s

effort, the monetary outcome, and the signal. Condition (21) is a Monotone Likelihood Ratio

Condition (MLRC) in z, which has a fairly natural interpretation of more effort, larger value

of the signal. (22) is a MLRC in b. It says that for a given effort level a, a larger monetary

outcome implies a larger value of the signal. Condition (23) is another MLRC in b. It says

that for a given value of the signal, the monetary outcome tends to increase with effort.
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We introduce the concept of likelihood ratio distribution function of a signal, which will

be used in Lemma 3.

Definition 5. Let La
X(z), where z = fXa

fX
(x|a) ∈ R, denote the likelihood ratio distribution

function of an information system X at action a. That is,

La
X(z) = Prob

[fXa

fX

(x|a) ≤ z
]

=

∫
fXa
fX

(x|a)≤z

fX(x|a)dx.

We now state and prove the second lemma.

Lemma 3. Given two scalar information systems, X and Y , each of which satisfies the

following two conditions

S ∗(Z) = S ∗∗(Z), (27)

s∗z(z) ≥ 0,∀z ∈ Z. (28)

Then U ∗(X) ≥ U ∗(Y ) if

La
X(z) is a Mean Preserving Spread (MPS) of La

Y (z), ∀a ∈ A, (29)

and either of the following two conditions is satisfied:

GX

(
b|a, F−1

X (z|a)
)

Second Order Stochastically Dominates (SOSD) GY

(
b|a, F−1

Y (z|a)
)
,

∀a ∈ A and a.e. z ∈ [0, 1]. (30)

FFX(Y |a)(z|a, b) First Order Stochastically Dominates (FOSD) FFX(X|a)(z|a, b),

∀a ∈ A and a.e. b ∈ B. (31)

Proof. We introduce a standardization of information systems. Define ZY ≡ FY (y|a∗Y ) and
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ZX ≡ FX(x|a∗Y ), where a∗Y is the effort level in the solution to Program P1 with Y . Because

ZX and ZY are monotonic transformations of X and Y , by condition (28), ∂s∗ZX
(z)/∂z ≥ 0

and ∂s∗ZY
(z)/∂z ≥ 0. The main advantage of the standardized information system is that

they are uniformly distributed on [0, 1] at a∗Y . Without lose of generality, we assume that

both systems are standardized at a∗Y .

By standardization, the MPS condition (29) is equivalent to the following integral con-

dition8

− ∂FX(Z|a)

∂a
≥ −∂FY (Z|a)

∂a
, ∀a ∈ A and z ∈ [0, 1]. (32)

The SOSD condition (30) is equivalent to

GX(b|a, z) SOSD GY (b|a, z), ∀a ∈ A and a.e. z ∈ [0, 1]. (33)

The FOSD condition (31) is equivalent to

FY (y|a, b) FOSD FX(x|a, b), ∀a ∈ A and a.e. b ∈ B, (34)

The solution to Program P1 with Y is denoted by
(
a∗Y , S∗Y (z)

)
. We first prove that

(
a∗Y , s∗Y (z)

)
satisfies the IR and IC constraints in Program P2 with information system X.

As to the IR constraint, because fX(z|â) = fY (z|â) = 1 on z ∈ [0, 1], we get

∫ 1

0

u(s∗Y (z)fX(z|a∗Y )dz =

∫ 1

0

u(s∗Y (z)fY (z|a∗Y )dz ≥ c(a∗Y ).

The inequality follows from the fact that s∗Y (z) satisfies the IR constraint in Program P1

with Y .

8See the proof of Proposition 3 in Demougin and Fluet (2001).
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The IC constraint under X is

∫ 1

0

u(s∗Y (z))
∂fX(z|a∗Y )

∂a
dz − ca(a

∗
Y )

=−
∫ 1

0

u′(s∗Y (z))s∗Y
′(z)FXa(z|a∗Y )dz − ca(a

∗
Y )

≥−
∫ 1

0

u′(s∗Y (z))s∗Y
′(z)FY a(z|a∗Y )dz − ca(a

∗
Y )

=

∫ 1

0

u(s∗Y (z))
∂fY (z|a∗Y )

∂a
dz − ca(a

∗
Y ) = 0

The first and second equalities follow from integration by part. The inequality follows from

(32) and the fact that s∗Y z(z) ≥ 0.

Since {a∗Y , s∗Y (z)} satisfies both the IR and IC constraints in Program P2 with X,

then by condition (27),
(
a∗Y , s∗Y (z)

)
is a potential solution to Program P1 with X. Let

U ∗(X|a∗Y , s∗Y (·)) =
∫ 1

0

∫
B U(b − s∗Y (z))gX(b, z|a∗Y )db dz be the principal’s expected utility if

the agent exerts effort a∗Y , and the compensation schedule is s∗Y (x) written on X.

Then, on one hand, if the SOSD condition (33) is satisfied, we have

U ∗(X) ≥ U ∗(X|a∗Y , s∗Y (·)) =

∫∫
U(b− s∗Y (z))gX(b, z|a∗Y )db dz

=

∫∫
U(b− s∗Y (z))gX(b|z, a∗Y )dbfX(z|a∗Y )dz

≥
∫∫

U(b− s∗Y (z))gY (b|z, a∗Y )dbfY (z|a∗Y )dz

=

∫∫
U(b− s∗Y (z))gY (b, z|a∗Y )db dz

= U ∗(Y )

The first inequality follows from the fact that U ∗(X) is the principal’s maximum expected

utility in Program P1 with X, and the second inequality follows from condition (33) and

the fact that fX(z|a∗Y ) = fY (z|a∗Y ) = 1 by standardization. This finishes the proof of the

MPS-SOSD criterion.
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On the other hand, if the FOSD condition (34) is satisfied, we have

U ∗(X) ≥ U ∗(X|a∗Y , s∗Y (·)) =

∫∫
U(b− s∗Y (z))gX(b, z|a∗Y )db dz

=

∫∫
U(b− s∗Y (z))gX(z|b, a∗Y )dz g(b|a∗Y )db

≥
∫∫

U(b− s∗Y (z))gY (z|b, a∗Y )dz g(b|a∗Y )db

=

∫∫
U(b− s∗Y (z))gY (b, z|a∗Y )db dz

= U ∗(Y )

The second inequality follows from condition (34) and condition (28). This finishes the proof

of the MPS-FOSD criterion.

Combining Lemma 2 and Lemma 3, one immediately gets the following proposition.

Proposition 3.3. (The MPS-SOSD and the MPS-FOSD criteria) Assume that

the agent is more absolutely risk-averse than the principal. Given two scalar information

systems, X and Y , each of which satisfies the regularity conditions (21)-(23) in Lemma 2.

Then U ∗(X) ≥ U ∗(Y ), if the following MPS-SOSD criterion is satisfied:

La
X(z) is a MPS of La

Y (z), ∀a ∈ A,

GX(b|a, F−1
X (z|a)) SOSD GY (b|a, F−1

Y (z|a)), ∀a ∈ A and a.e. z ∈ [0, 1],

or if the following MPS-FOSD criterion is satisfied:

La
X(z) is a MPS of La

Y , ∀a ∈ A

FFY (Y |a)(z|a, b) FOSD FFX(X|a)(z|a, b), ∀a ∈ A and a.e. b ∈ B.

The conditions in Lemma 2 play a critical role in Proposition 3.3. They guarantee that

the optimal compensations,s∗X(z) and s∗Y (z), are increasing functions. If the compensa-
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tion functions are non-increasing, the MPS condition no longer implies relative efficiency in

incentive-providing. For instance, when the principal is risk-neutral, if the optimal compen-

sation functions are decreasing, i.e., s∗X
′(z) ≤ 0 and s∗Y

′(z) ≤ 0, ∀z ∈ [0, 1], then X is more

efficient than Y if the likelihood ratio distribution of Y is a MPS of the likelihood ratio

distribution of X. (see the proof of Proposition 1 in Demougin and Fluet (2001).)

Proposition 3.3 differs from Kim’s MPS criterion and Demougin and Fluet’s integral

criterion in that it requires a SOSD condition on the conditional distribution function of B

given a and z (z = x, y), or a FOSD condition on the conditional distribution functions of

Z (Z = X,Y ) given a and b. Again, this difference arises from the additional risk-sharing

function the information system performs in our model.

Proposition 3.3 says that for two scalar information systems, X and Y , satisfying certain

regularity conditions so that the optimal payment schedules are increasing functions, if the

likelihood ratio distribution of X is a MPS of that of Y , then X is more efficient than Y on

incentive-providing; if the conditional distribution of B given a and x SOSD the conditional

distribution of B given a and y, or if the conditional distribution of X given a and b FOSD

the conditional distribution of Y given a and b, then X is more efficient than Y on risk-

sharing. Since X is more efficient than Y on both dimensions, X is overall more efficient

than Y , and any risk-averse principal will prefer X to Y .

4 Conclusion

The choice of information system has been a fundamental issue in agency theory. In the

current literature, all criteria one-dimensionally compare information systems on their effi-

ciencies in incentive-providing. The main objective of this paper is to extend the analysis

to a two-dimensional comparison of information systems on their efficiencies on incentive-

providing and risk-sharing.

In this paper, we first identify the most efficient information systems. Then we develop
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an extended informativeness criterion for comparison of inclusive information systems, and

a MPS-SOSD and a MPS-FOSD criteria for comparison of scalar information systems.

The author is unaware of any two-dimensional comparison criterion on arbitrary infor-

mation systems that are neither inclusive nor scalar. Unlike the MPS (integral) criterion on

scalar information systems, which can be easily generalized to cases with non-scalar infor-

mation systems (see Demougin and Fluet (1998ab, 2001)), our MPS-SOSD and MPS-FOSD

criteria on scalar information systems can not be readily extended to non-scalar information

systems.9 This difficulty of extension arises from an intrinsic difference between our model

and the standard model with a risk-neutral principal: in the standard model, the likelihood

ratio of an information system is a scalar sufficient statistic of the information system, while

in our model, the likelihood ratio is not.

One should also note that no general criterion can compare information systems X and

Y , when X is more efficient on one function, while Y is more efficient on the other. In this

case, the comparison depends on more specific characteristics of the agency model.
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