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Abstract

Nowadays the most extensively used risk measure by financial institution is known
as Value-at-Risk (VaR), which is defined as the maximum expected loss on an invest-
ment over a specified horizon at a given confidence level. To evaluate the accuracy
and quality of the out-of-sample VaR forecast (backtesting procedures) is an impor-
tant issue in practice. The purpose of this paper is to quantify the estimation risk
in backtesting portfolio VaR and then to propose the corrected standard backtesting
procedures robust to the estimation risk so that valid inferences could be carried out
in out-of-sample portfolio VaR forecasts evaluations. Portfolio VaR forecast is intrin-
sically a problem in a multivariate setting where portfolio return is directly computed
from asset returns and asset allocation. In this paper, a multivariate parametric dy-
namic model with standardized Generalized Hyperbolic (GH) innovations is used to
model asset returns and the mean-variance-skewness approach is used to estimate the
optimal portfolio weights such that the unobserved portfolio return could be estimated.
As a result there are three sources of the estimation risk in the standard backtesting
procedures of portfolio VaR, one from estimating the multivariate dynamic model, one
from estimating the optimal portfolio weights and the other from estimating the un-
observed portfolio return, which distinguishes this paper from the others. Escanciano
and Olmo (2007) has considered the estimation risk in backtesting VaR but in the
case of univariate financial time series such that the estimation risk only comes from
estimating the univariate dynamic model. Finally, a simulation exercise illustrates the
theoretical findings and a parametric bootstrap is used to improve the approximation
by the asymptotic theory.
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1 Introduction

Value-at-Risk (VaR) is one of the most popular risk measures used in financial institutions.
It has also been extended to the portfolio VaR measure used for managing risks and returns
under a multiple-asset portfolio. In financial terms, VaR is defined as the maximum ex-
pected loss on an investment over a specified horizon at a given confidence level, see Jorion
(2001). In statistical terms, VaR is a quantile of the conditional distribution of portfolio
returns given investor’s information set. The Basel Accord allows financial institutions to
have the freedom to develop their own model to compute VaR and also recommends a
statistical framework to assess the accuracy and quality of the VaR forecast techniques,
which was denominated backtesting. This paper investigates the backtesting of portfolio
VaR with estimation risk, which is intrinsically a testing problem in a multivariate setup in
which two estimators appear in the portfolio VaR predictions. The two estimators are the
estimated parameters in a multivariate dynamic model for asset returns and the estimated
optimal portfolio weights. This paper shows that the use of the standard backtesting pro-
cedures can be misleading, since the tests do not consider the impact of estimation risk
from those two estimators and may use wrong critical values to assess market risk. The
purpose of this paper is to quantify the estimation risk and to correct standard backtesting
procedures to provide valid inference in out-of-sample analyses.

The effect of estimation risk on backtesting techniques has been studied in the case of
univariate time series in Escanciano and Olmo (2007, EO hereafter). However, backtesting
portfolio VaR is a multivariate inference problem, so the theory in EO cannot be directly
applied for our problem. For an actively traded portfolio, its composition will change
during each holding period, so in forecasting portfolio VaR, besides the parameters in the
multivariate model for asset returns the optimal portfolio weights also need to be estimated
at each time in the out-of-sample period. Most of the literature has assumed, however, that
the optimal portfolio weights are known. The standard backtesting techniques assume that
the true parameters and the optimal weights are known, but in practice, only the estimated
ones are used in the portfolio VaR predictions. Therefore there exists uncertainty about
the estimators coming from the in-sample data and the out-of-sample data depending

on the forecasting scheme used. The use of the estimators adds additional terms in the



unconditional and independence backtesting procedures. Therefore, the estimation risk
must be taken into account to construct valid inferences in out-of-sample portfolio VaR
forecasts evaluations.

In order to quantify the estimation risk in portfolio backtesting procedures, there are
two challenges. First of all, we need set up a general multivariate dynamic model for
assets returns, estimate the model and derive the asymptotic distribution for the estimated
parameters. Secondly, we need to build a proper optimal portfolio choice problem, which
is analytically tractable to estimate the optimal portfolio weights and thus derive the
asymptotic distribution for the estimated weights.

In modeling asset returns, we focus on a multivariate parametric dynamic model with
standardized generalized hyperbolic (GH) innovations, see Mencia and Sentana (2005).
There are several reasons to use this framework. First of all, it is more realistic than
the normal distribution, since it is able to capture the stylized facts that the distribution
of financial assets returns is non-normal but with negative skewness and positive excess
kurtosis. Second, a nice property of the GH distribution is closed under linear transfor-
mations, i.e. a linear combination of the elements of GH random vector is a univariate
GH random variable. Without derivatives included in a portfolio, the portfolio return will
be a linear combination of the component asset returns. Thus, the VaR of any portfo-
lio whose components are modeled in such a framework can be partly determined from
the multivariate model estimates and the corresponding multivariate distribution of the
innovations. Last but not the least, GH distribution is a very flexible parametric class.
It contains many subclasses, which are of the most important multivariate distributions
already used in the literature such as Normal, symmetric Student t, skewed Student t,
asymmetric Normal-Gamma, Normal Inverse Gaussian and Hyperbolic distributions.

In allocating assets, we use the so-called mean-variance-skewness (MVS) analysis other
than the widely used mean-variance analysis. Firstly because higher order moments cannot
be neglected considering the asymmetric distribution of financial asset returns. Secondly,
under our multivariate model setup asset returns will jointly follow a GH distribution,
which can be expressed as a location-scale mixture of normals. Mencia and Sentata (2008)
shows that the distribution of any portfolio whose components jointly follow a location-scale

mixture of normals will be uniquely characterized by its mean, variance and skewness. Most



attractively, the close form solution for the optimal portfolio weights could be explicitly
obtained under our model setup by this MVS method.

The remaining of this paper is structured as follows. Section 2 provides the general
portfolio VaR backtesting procedures robust to estimation risk without making particular
distributional assumptions for asset returns. Section 3 applies the general procedures
to a multivariate parametric setting in which asset returns are model by a multivariate
parametric dynamic model with standardized GH innovations and the optimal portfolio
weights are chosen by MVS method. A simulation exercise using a simple case illustrates

the theoretical findings in section 4. Finally, section 5 concludes.

2 Portfolio VaR backtesting techniques robust to estimation
risk: A general theory

This section proposes general portfolio VaR backtesting procedures robust to estimation
risk. Portfolio VaR backtesting is the procedure to evaluate the accuracy of a portfolio VaR
model forecasts in which both asset returns and asset allocation needs to be considered.
Therefore, in order to examine the effects of estimation risk on the procedures, we need to

elaborate the forecast evaluation problem first.

2.1 Forecast evaluation problem

Let us consider a portfolio of d assets. Let r = (14, 72¢, ..., 7qt)" denote the d-dimensional
vector of stationary asset returns combined in the portfolio and w; = (w1, wat, ..., war)' the
vector of portfolio weights, where w; € R% and Egl:lwit = 1. Assume that at time ¢ — 1 the
investor’s information set is given by I;_1, which may contain past values of r; and other
relevant economic and financial variables z, i.e. Ir—1 = (r}_q1,2,_1,7}_9,%_5...)", and the
conditional distribution of r; given I;_; is a multivariate conditional distribution denoted
as F,(-,00,1;—1). Since optimal portfolio allocation is related to the joint distribution of
asset returns and is carried out at time ¢ conditioning on the information at time ¢ — 1,
then the optimal portfolio weights w; will depend on the distribution parameter 6y and
the information set I;_;. We make this explicitly by writing w; = w*(0y) = w* (0o, I;—1),

where w; € F;_1. Therefore the portfolio return at time ¢ is ¥; = wZ‘,rt. By this linear



projection Y; = wflrt, we can also derive the univariate conditional distribution of Y; given
I;_1 denoted as Yi|I;_1 ~ Fy, (-, wy, 0o, I;—1) and its associated density fy,(:), in which w}
can be treated as constants since it is known at time ¢t —1. Assuming that Fy;, (-, wy, 6o, I;—1)
is continuous, then the conditional portfolio VaR at a given confidence level 1 — a given

I,_; is defined as the ot quantile of the distribution of Yi|I;—1 satisfying the equation
P(Y; <m0, I-1)|i—1) = «, almost surely (a.s.), « € (0,1),V t € Z. (1)

Actually m,(0,I;—1) is just the inverse of Fy,(-,w;,00,I;—1) at the level o with respect
to the first argument, i.e. mqy(0,I;—1) = F;tl(a,w,fﬁo,[t,l). Therefore, it seems that
portfolio VaR can be treated as a univariate parametric VaR model, similar to the ones
studied in EO. However, there is an important difference that the optimal portfolio weights
wy are not observable and must be estimated, which result in the portfolio return Y; being
unobservable. This subtle difference has important implications for our testing problem.
First, it shows that a purely univariate approach to portfolio VaR is in general not possible.
Second, this difference makes the results in EO not applicable to our present framework.
This paper will show that the estimated wf in Y; also add an extra term in the estimation
effect on portfolio backtesting.

Denote the above multivariate portfolio VaR model as m, (w*, 8, I;_1) and its derivative
with respect to 0 as go(w*,0,1;—1). Notice that the optimal portfolio weights add an
additional term in the derivative g (w*(6),0, I;—1) comparing to that in EO. Namely,
ow*(0)

00

Ga(W*,0, ;1) = mq 1 (w*,0,1;_1) + ma2(w*, 0, 1;_1).

where my_;(w*, 0, I;—1) is the derivative of mq(w*, 0, I;_1) with respect to the j* argument.
By definition (1), this parametric portfolio VaR model is correctly specified if and only

if
E [ho(0) | It—1] = a a.s. for some 6y, (2)
where hy o(0p) =1 (Y; < mqo(w*,0,1;—1)) and 1(A) is the indicator function, i.e. 1(A) =1
if the event A occurs and 0 otherwise. The variables {h;o(6p)} are the so-called “hits”
or “exceedances”. Our inference procedure will focus on testing one of the most popular

implications of condition (2) given by Christoffersen (1998),



E [ht@(ﬁo) | hy—1.0(60)| = o as. for some 6, (3)

where 7%71,&(90) = (ht—1,a(00), ht,g,a(ﬁo)...),. This condition in turn is equivalent to

{ht,o(600)} are iid Ber(a) random variables for some 6, (4)

where Ber(«a) represents for a Bernoulli random variable with parameter «. Therefore,
the problem of evaluating the accuracy of VaR forecasts can be reduced to the problem
of examining the unconditional coverage and independence properties of the hit sequence
{hta(00)}. To test for E[hta(6p)] = « is called unconditional backtesting and to test for
{hta(6o)} being i.i.d is called independence test.

These testing problems are carried out in an out-of-sample forecast exercise. The
forecast environment can be described as follows. Suppose we have a sample {r}, 2},
of size n > 1 that is used to evaluate the VaR forecasts. For simplicity we only consider
one-step-ahead forecasts. Assume that the first R observations are used to estimate 9, r and
w*(@R) in the first forecast, and then we will have P = n — R predictions to be evaluated.
The first VaR forecasts is VaRRH,l(aR) = ma(w*(0r),0r, Ir) and the further forecasts
are VaRt+171(5t) = ma(w*(@),@,ft), R <t <n-—1, where é\t and w*(é\t) are estimated

using observations s =1, ..., t.

2.2 Unconditional backtesting robust to estimation risks

The most popular unconditional backtest proposed by Kupiec (1995) is base on the absolute
value of the standardized sample mean

1 n n

_ - —« :i m~(w* —«
Kp=K(P,R) := \/]—Dt:zR;l(ht,a(%) ) ﬁt:%;l[l(ng a(w®,0,1;-1)) —a] (5)

Under proper regularity conditions, (« (1 — 04))% K, converges to a standard normal ran-
dom variable. The standard backtests are implemented under the assumptions of the
parameter 6y being known and the portfolio return Y; being observable, and using the crit-
ical values from the standard normal distribution. In practice, however, the true parameter

Ay is not known and must be estimated, and the portfolio return Y; is also unobservable



and can be estimated from asset returns r; and optimal portfolio weights wj, using some
portfolio choice procedure, e.g. mean-variance anaylsis. Thus the test statistic becomes

n
S, = S(P,R) = \/1]3 S [1(% < ma(w @)1 11)) ~ o (6)
t=R+1
where Y; = Y;(6;_1) = (w*(6;—1)) rv.

Therefore, to quantify estimation risk in the multivariate VaR model, we must consider
the two estimators, @,1 and w*(@,l), as well as the calculated portfolio return }/}t In
different words, there should be three sources of estimation risk in the multivariate VaR
model, while in the case of univariate time series studied in EO (2007), the estimation risk
only comes from the estimated parameters in the univariate VaR model. In this sense,
the theory developed in EO (2007) cannot be directly applied but still can be adapted to
our case as this paper will show. More concretely, we show that those three components,
6A?t_1, w* (é\t_l) and Yt(@_l), respectively, introduce asymptotically an extra term in the,
still normal, limiting distribution, changing the resulting asymptotic variance of .S,.

We need some assumptions which are similar to those in EO (2007).

Assumption 1: {r}, 2} };cz is strictly stationary and ergodic.

Assumption 2: The family of distribution functions {F,(-),z € R*} has Lebesgue

densities { fz(y), x € R>®} that are uniformly bounded sup |fz(-)] < C and equicontin-
z€R>® yeR

uous: for every € > 0 there exists a 6 > 0 such that sup |fo(y) — f2(2)| <e.
Assumption 3: The model m,(w*,0,I;_1) is continuously differentiable in 6 and w*

(a.s.), and w*(0) is also continuously differentiable in 6 (a.s.), such that for its derivative
Go(w*, 0, I;_1), Elsupgeo, |ga(w*, 0, I;—1)|*] < C, for a neighborhood O of .

Assumption 4: The parameter space © is compact in RP. The true parameter 6
belongs to the interior of ©. The estimator @ satisfies the asymptotic expansion (/9\,5 — b6y =
H(t) + op(1), where H(t) is a p x 1 vector such that H(t) = t~' 30, i(rs, Is—1.60),
R71 Zi:t_RHl(rs,Is,lﬂo) and R~! Zlel(rs,ls,lﬂg) for recursive, rolling and fixed
schemes, respectively. We assume that E [[(r, [;—1,600)|l;—1] = 0 a.s. and positive defi-
nite V := F [l(rt,lt_lﬂo)l/ (rt,It_lﬁo)} exists. Moreover, I(r, I;—1,6p) is continuous (a.s.)
in # in ©¢ and E [supgeeo\l(rt, It_1,00)|2] < C, where O is a small neighborhood around
6.



Assumption 5: R, P — oo, and lim % =7, 0<7m<o0.

n—oo
With these assumptions we are ready to establish the first important result of this

paper.
THEOREM 1: Under Assumption A1-A5,

1 " % aFYt(ma(w*,Ho,It_1>) 1 "
S, = — ht.o(00) — Fy,(ma(w™, 0o, 11— +F ; — H(t—1
r = 7B, ralt) = P lma(u o T )]+ o 7 2 B

Estimation Risk

n

1 *
+\/ﬁt%: [Fyt(ma(w ,90,[15_1» — Oé] + Op(l)
=R+1
Modgerisk

OFy, (e (w* 00,1
LAGRICIUR 1))], can be par-

where the score component in estimation risk, say A = E| 56
0

titioned into three components A = Ay + Ay + Ag, where

dw* (6o)
0o

Due to portfolio weights estimation

Al =K [m;,l(w*veoajt—l) fYt< ma(w*vaoalt—l>):|

Ay =FE [m:x,Q(W*ae&It—l)fYt( ma(w*yg(]alt—l)>:|

Due to estimation of dynamics

As=F

Mo (w*,00,1t—1) (0 /
/ [Fvir (Yt 00, T—1) %élo) - fyt,Q(yt,@o,It_l)]dyt]
0

-~
Due to unobserved optimal portfolio

Theorem 1 quantifies both estimation risk and model risk in the unconditional back-
tests. In this paper we assume the multivariate VaR model is correctly specified, i.e.
F( mo(w*,00,1;—1)) = «, then model risk vanishes, but we still have the estimation risk
to deal with. Notice that there are three sources of estimation risk under the multivariate
VaR model, one from estimating parameters in the multivariate model for asset returns,
one from estimating the optimal portfolio weights and the other from estimating the unob-
served portfolio return. Without any of those components, we may make wrong inference

in the unconditional backtesting procedures.



Next corrollary presents the asymptotic distribution of S, with estimation risk, which
provides the necessary corrections to carry out valid asymptotic inference for unconditional
backtests free of estimation risk,

COROLLARY 1: Under Assumptions A1-A5 and (2),
d 2
Sp — N(0,0%)

where

0'3 =a(l —a)+2\yAp + A AV A’

with p = E[(ht,o(00) — @)l(r¢, i1, 60)], and where

Forecast Scheme Al Al
recursive scheme I—a'In(l+n) | 2[1 —n 'In(1 +n)]
Corollary 1 rolling scheme with m <1 /2 T—n%/3
rolling scheme with 1 < 1 < 00 1—(2m)t 1—(8m)~*
fizxed scheme 0 m

Therefore, as long as we get the consistent estimates, p, 7, 17, and A\’ then the asymp-
totic variance o2 can be consistently estimated by 52 = a(1 —a) + 2/)\\;11121\/74— X”A\f}ﬁ’ . The

u

ratio m can be consistently estimated by 7 = %; the consistent estimators of V' and p are

AN n ~ / ~ —~ n —~ ~

V== 3 UWr,Tiq,0e-) (re, Li—1,0,—1) and p= 5 > (hy,a(bi—1) — &)l(re, I—1,01—1),
t=R+1 t=R+1

respectively. The vector Ay + Ao can be consistently estimated, for instance, by the esti-

mator introduced in Giacomini and Komunjer (2005)
~ 1 1 . 5 ~
Ar = P —exp([(Yy — ma(w*, 01, 1;1))/T]ht,a(0r—1)[g0( w*, 0r—1, It 1)]
=R+1
with 7 — 0 as n — oc.
Then, the corrected standard unconditional backtesting test statistic can be proposed

as follows:

S,=S(P,R,0,_,) = = 1/]3 3 (ht,a(@_l) - a)
uV IR

which converges to a standard normal random variable by Corollary 2 in EQO, i.e.

S, % N(0,1)



In order to make valid inference, we should use the corrected test statistic §p in the
unconditional backtesting procedures. If we carry out inference for S, as if it were K,,, we

may use the wrong critical values.

2.3 Independence tests robust to estimation risks

In independence tests the hypothesis of interest is that the sequence of hits {hs,a(60) }7_ 1y
are itd. A likelihood ratio test introduced by Christoffersen (1998) is an early and influential

one. Nowadays more general tests have been proposed based on the autocovariances

G = Cov(hg,a(b0), hi—ja(o)), for j =1

at different lags j, which could be consistently estimated (under E[h;o(6o)] = a ) by

1 .
Cpj = 1 Z (Pt,a(00)hi—ja(00) — 042) , for j>1

In fact, tests based on {(p;} are joint tests of the iid and the unconditional hypothesis,
since the fact that E[h: o(0p)] = « is explicitly used in those tests.

Similarly with the analysis of unconditional backtests, in practice it is the estimated
parameters, the estimated optimal portfolio weights and the estimated unobserved portfolio
return that are used to test for {h¢«(00)};_p,, being iid, such as

- 1 . . .
Cpj = 1 Z (ht,a(9t—1)ht—j,a(9t—1—j) - az) , for j>1

where fia(B-1) = 1(% < ma(w*, 01, 11-1) ) = 1 (@ @-1))'re < malw, 01, T11) )
Therefore, in order to examine the effect of estimation risk on independence backtests,
we should also take into account the three sources considered in the above analysis of
unconditional backtests.

Next theorem is the equivalent to Theorem 1 for the joint and independence back-
testing tests. Denote B = B; := E[aF( m“(gez’eo’ft*)){ht_j,a(Ho) +a}] =, and n =n; =
E [(ht,a(ﬁo)ht_jﬂ(eo) — aQ)Z(rt,It_lﬂo)].

THEOREM 2: Under Assumption A1-A5 and (2), for any j > 1,

n

VP —j(Cpj—Cp,) =B ! . > H(t—j—1)+0p(1)

P=j t=R+j+1

10



where the vector B could also be partitioned into three components as with vector A
in Theorem 1. Of the three components, one is from the estimation of dynamics, one is
from the estimation of the optimal weights and the other is from estimating the observed
portfolio return. Details are omitted to save space. By Corollary 3 in EO (2007), for each
iz,

~ 4
VP —jCpj = N(0,02)

where 02 = o?(1 — a)? 4+ 2\ Bn + \yBV B’ with \; and )\ defined as in Corollary 2.

C

The vector B could be consistently estimated by B, where B, = _%ﬁ > %exp[(Yt —
t=R+j+1

ma(W*, 0—1, I—1)) /T ht.aOr—1){ht—j.a(0r—j—1) Fatgn(w*, 01, I;_1)], with T — 0 as n —

00. And 7 could be consistently estimated by

n
~ - Y 2 =
=5 Z (Pt,a(Or—1)hi—ja (Or—j—1) — @)l(re, Lr—1,0¢—1)
t=R+j+1
m and V could be consistently estimated by 7 and V showed in the previous section. As a

result, o2 could be consistently estimated by 7> = o?(1 — a)? + 2\ BT + XUETTA/EQ.

Therefore, we could propose the corrected standard independence backtesting test
statistic as follows
~ ~ ~ P—ilpi 4
Cry = AP RO = Y2220 L o 1)
(&
3 An application under a particular distributional assump-
tion

The previous section proposes the corrected standard portfolio VaR backtesting procedures
robust to estimation risk for a general case. This theory is applicable to many portfolio VaR
models, because there are no particular distributional assumptions for asset returns. In
this section, we will apply the general theory to a particular setting in which asset returns
are model by a multivariate parametric dynamic model with standardized GH innovations

and the optimal portfolio weights are chosen by MVS method.
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3.1 Multivariate dynamic model for asset returns

We turn to a realistic distribution for asset returns, the General Hyperbolic distribution
introduced by Barndorff-Nielsen (1977), since it is able to capture the stylized facts of
fat tails and negative asymmetry from financial time series. Another attractive property
of the GH distribution is that it is closed under linear transformations such that the
distribution of any portfolio combining the assets is still a GH distribution. In addition,
as we mentioned in the introduction, it is a rather flexible distribution that contains many
well-known subclasses that have been the most important distributions already used in the

literature.

3.1.1 The General Hyperbolic distribution

Following McNeil, Frey and Embrechts (2005), the GH distribution can be introduced
as a normal mean-variance mixture, in which the mixing variable is Generalized Inverse
Gaussian (GIG) distributed.

DEFINITION 1: The random vector X = (Xq, ..., Xq)' is said to follow a d-dimensional
GH distribution with parameters X\, x,v,a, 3 and Y, in short X ~ GHg(\, x, ¥, a, 3,7T),
if

XLaterp+ezriz,
where o, 3 € R, and Y is a positive definite matriz of order d, Z ~ Ng(0,1;) follows a
d-dimensional normal distribution, §& ~ GIG(\, x,¥) is a positive, scalar random variable
independent of Z.

We observe that the conditional distribution of X given ¢ is normal with conditional
mean « + £Y 5 and covariance matrix Y, i.e. X|{ ~ N(a+ Y3,£Y), which explains the
so-called normal mean-variance mixture. Thus the mixing variable £ could be interpreted
as a stochastic volatility factor. The parameters of the mixing variable distribution, A,
X, and %, allow for flexible tail modeling; o and YT play the roles of location vector and
dispersion matrix; and the vector § introduces skewness into this distribution.

We could reparametrize the GH distribution, see Proposition 1 in Mencia and Sen-
tana (2005), to get the standardized GH distribution with zero mean vector and identity

covariance matrix.
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DEFINITION 2: The random vector X* = (X{,...,X}) ~ GHq(\, x,¥,, 3, Y) is said
to follow a d-dimensional standardized GH distribution, if

Y
Rx()

-1 1+4[D 1]’
where B(4) = TR, Daga () = 2 05 and o(8,1,9) = AVARLL S COPIEL)

The parameters are reduced to be A, ¥ and 3 after the standardization.

V=1 a=—c(B\w)fand T = dﬂgﬁ*”ﬂm

[1q +

The GH distribution is closed under linear transformations. This means that any linear
combination of the GH random vector must have a univariate GH distribution. Take the
standardized GH distribution as example, see Proposition 2 in Mencia and Sentana (2005):

PROPOSTION 1: Let X™* be a d-dimensional standardized GH random vector with
parameters X, ¥ and 3. Then, for any vector w € R?, with w # 0, s* = % 18
w W
distributed as a univariate standardized GH random wvariable with parameter A, ¥ and
B(w) = —BAN AV w'w
W wtle(BA9) 1] 8)2/(8'8)
Note that only the skewness parameter is affected by the weights w. This result will

be used later such that we could relatively easily compute VaR based on the so-called

variance-covariance method.

3.1.2 Multivariate dynamic model

We model asset returns by a multivariate location-scale dynamic model with standardized

GH innovations. The model can be written as follows
1
re = pe(0) + X2 (0)er, (7)

where 1 (0) = p(I¢—1;0) is a d-dimensional vector of conditional mean returns and ¥,(6) =
Y (I;—1;0) is a symmetric d x d conditional covariance matrix of returns. Both () and
¥4(0) are conditional upon the information set I;_;. The k x 1 vector @ collects all the
unknown parameters, and 6y denotes the true parameter values. Zt% (0) is some d x d
“square root” matrix such that 23/2(9)25(9) = Y4(0), and e; is a vector martingale
difference sequence satisfying E(e¢|I;—1;600) = 0 and V' (g¢|I;—1;6p) = I4. As a consequence,
E(rili—1;600) = (o) and V(ry|I;—1;600) = X¢(0y); for the portfolio return Y; = w;rt,
since wy € Fy—1 = o(I;—1), the corresponding moments are E(Y;|[;—_1;6p) = w;,u,t(eo) and
V(Y| I;—1;60) = w, X (60)wy.

13



We also assume that e;|I;_; follow a standardized GH distribution, i.e. &¢|l;—1 ~
GHy(\ 1,9, a,3,7), where @ and Y are functions of A, ¢ and [ defined as in Definition
5. Hence, this parametric multivariate dynamic model is able to capture asymmetries and
kurtosis that have been found in many empirical studies with financial time series.

Given that €, is not generally observable, the parametrization will be variant to the
choice of “square root "matrix, Et% (0), except in univariate models or in multivariate models
in which either ;(#) is time-invariant or 5 = 0. As a result, the conditional distribution of
r¢|I;—1 will depend on the choice of Et% (0), which is not desirable, so we still follow Mencia
and Sentana (2005) to parametrize 8 as a function of past information and a new vector

of parameters b in the following way:
1
B(0,b) = X7 (0)b (8)

then it follows that the resulting GH log-likelihood function is irrelevant to the choice of
Zt% (6). In addition, for the analytical convenience we replace A and v by 7 = 0.5A~! and
§=(1+y) L.

Finally, we collect all the unknown parameters into the vector ¢ = (6’,1,d,b) with k+
d+ 2 elements. Under such a framework, these parameters can be estimated simultanously
by conditional maximum likelihood (ML) method. The conditional log-likelihood function
of a sample of size n takes the form L = i l(re|Ii—1; @), where I(r¢|I;—1; ¢) is the conditional
log-density of r; given I;_1 and ¢. To to:vlercome the latency of the mixing variable £ the
EM (expectation-maximization) algorithm is used. The score function is

85(7"t|[t—1; ¢)

8t(¢): oo :E[

Ol(re|&, Ir—1: @)
99

51(&’&—1% ¢)
99

|+ E[ ]

The information matrix is

I(¢) = Elsi(¢)s,(9)]

We will borrow the results from Mencia and Sentana (2005), who derives the analytical
formulae for the score function s;(¢) and the information matrix Z(¢). Let ¢: denote
the ML estimator of the true parameter ¢y. Given correct specification, under certain

regularity conditions, quﬁt will be consistent and asymptotically normally distributed with
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. . Co . . . o ~ d
a covariance matrix which is the inverse of the information matrix, i.e. Vt(¢r — ¢o) —

Nivar2 (0,Z(d0)7").
By definition, we have that

a = P <ma(w*,00,1;1)|I;1) = Plwgry < ma(w*, 00, I_1)|I;_1)

/ ! /
wyre — wypty _ M (w*, 0, Ir—1) — wyp

= P(—E < : 1)
thtwt thtwt
1
w,N2e mea(w*, 00, I;_1) — w,
P( tlt tl < a( lt )l tﬂt’It_l)

(weXf ) 5f wy (weXf ) Bf wy

, 1

thfet

Denote v = - , where v; € R4, By Proposition 1, we find that v|l;—; is a
(’LUtE? )/2? we
univariate standardized GH random variable with parameters X, ¥, 3,,, o, and Y,,, where
I
b = (BAD)(iE7) B)y ;S
v = I
D wSawceBA0) - 1((wnE) B2/(8'B)
and Y,, = %(w)c(ﬁvt,/\,w). In short, v|l;_1 ~ GH(\ 1,¢,au,, By, Tv,). Assume the

cumulative distribution function of v|I;—1 is Qy,(+), then the VaR for the portfolio with

By Definition 2, we get a,, = —c(Bu,, A\, ¥) B,

portfolio weights w; at a given level a can reduced to the well-known variance-covariance
formula

ma(w”, 00, Tr-1) = wi g+ \Jwi Tewf Q' (@) (9)

where Q;!() is the o — th quantile of the univariate standardized GH distribution of
v¢|I;—1. Generally, the portfolio VaR is a function of the pre-specified level a, the a — th
quantile of the univariate standardized GH distribution Q;tl (), the portfolio weights wy,
the conditional mean return vector p; and of the conditional covariance matrix ¥;, among
which except a all depend on the information set I;_; and the true parameters ¢g. In
practice, the true parameters ¢y are unknown and must be estimated from the data to
get the estimated mean return vector ji; = g (l4—1; 5,5,1), the estimated covariance matrix
f)t = Et(It_l;@_l) by forecasting and the estimated quantile Q;tl(a). Consequently, in
order to apply variance-covariance formula (9) to forecast the portfolio VaR based on

information set up to time ¢t — 1, we should replace p;, 3; and Q;tl (o) by pig, S and

15



@;tl(a), respectively, and also replace w; by its estimate as well. The estimate of the
optimal portfolio weights w; will be discussed in the next section.

Additionally, there is a linear relationship between r; and e; based on the model setup,
and g;|I;_1 is assumed to follow a standardized GH distribution, &;|I;—1 ~ GHy(\,1,¢,a, 3,T),

so the vector of asset returns r; can also be expressed as a location-scale mixture of normals,
1 1
— 5 2
re=op + &0, 6, + 2 7 Z,

1 _1
where o, = p+aX?, B, = ¥, 2 and T, = £, Y. By Definition 4, r¢|I;—; ~ GHg(\, 1,9, o, Br, Tp).
There is another linear relationship between Y; and vy, which is Y; = w;,ut—l— \/ w;Etwtvt,
and we have v |l;_1 ~ GH (X, 1,4, ay,, By,, Yv,), Similarly, by Definition 1 we could obtain

that the conditional distribution of Y; given I; 1 is a univariate GH distribution as follows.

Y;‘/|It*1 ~ GH()" 1,1,[),0[)@,5}/},1\%),

Buy
\/w:5 Yrwg

/ ’ 12
where ay, = wy s + /W Bwy, By, = and Ty, = w,Xw: YLy, .

3.2 Optimal portfolio selection

In terms of optimal portfolio selection, we will use the so-called mean-variance-skewness
analysis other than the widely used mean-variance analysis. Firstly of all, the above para-
metric multivariate model for asset returns is under the assumption of the GH distribution
and is able to capture the asymmetric distribution of financial asset returns, thus higher
order moments cannot be neglected in asset allocation problem, while the mean-variance
analysis is the natural approach under Gaussian distributional assumption.

Secondly, under our model setup asset returns will jointly follow a GH distribution,
which can be expressed as a location-scale mixture of normals. Mencia and Sentata (2008)
shows that the distribution of any portfolio whose components jointly follow a location-
scale mixture of normals will be uniquely characterized by its mean, variance and skewness.
Naturally, the MVS analysis becomes the most appropriate method of optimal portfolio
allocation.

Most attractively, the close form solution for the optimal portfolio weights could be

explicitly obtained under our model setup by this MVS method. To save space, we only
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provide the optimal portfolio weights in closed-form obtained by MVS analysis. There
are two potential solutions, both of which can be expressed as linear combination of the
mean-variance efficient portfolio ;7 (8)u¢(f) and the skewness-variance efficient portfolio
b. They are

. + A7 (0)b 1
why = ot B b goagy gy Ly
Nt(a)zt (G)Nt(‘g)

Ay
. g — ATt (0)b
wh, = /0t _i lut( ) Zt 1
pe(0) %4 (0) 14 (6)
where A; = \/ (8 S (O)0) 1y 012 (0)ie (0) (1, (0)0)

o0 (0) S (0)pe (8))—u,
and variance, respectively.

(O)0a(6) + 3.

, ug¢ and agt are the target expected return

3.3 Backtesting portfolio VaR

In this section, we will apply the corrected backtesing procedures robust to estimation
risk presented in section 2 to the above setting. Theorem 1 and 3 allow us to quantify
estimation risk for the unconditional and independence backtests such that we could carry
out valid inferences. We only consider the fixed forecasting schemes. The estimation risk

term for the unconditional tests with fixed forecasting scheme takes the form

BR. = B [\uiSun] frlmalt - DWAVE (Q k(@) - 7 @)

o |y 2 eeloti) Q@) 0EcBy | (1 1) 7V (1 b0)
" o0, N
S ]

| [ g 4 2L ON) OU (6 1)) AVR (3 60)

L A/ w;tht 890

ma (w*,00,1t—1) oY (6 / 9
+E / [fvia (Y, 00, It—1) 5; 0) + iz (Y2 b0, It—l)]dyt] VaVR (9R - 80)
0

where Q;}Q(a) is an a—quantile estimator of the innovation distribution. Similarly, the

estimation risk for the joint test is
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B = B |\JulSiwnhessal60) + )] malt - D)VAVE (Q (@) - Q0 (@)

1B || w 8,Ult (vec(ww,)) @yt (a) avec,Zt (heja(00) + ) | Flmalt )\WAVE <§R B 90>
i 800 2 /wgztwt 600
| w, a w ~

48 |+ W) OB (00) + a3 | SGmalt — DWVAVE (0 - 60)

i A/ UJ; Etwt 600

ma (w*,00,1t—1)
+E / [fvi1 (Yt 00, Ir—1)

9Y(6)
o6,

f;/t,g(yb 0o, Ii—1)]dyi{hi—ja(00) + a}| VTR (53 — 0

4 Simulation exercise

In this section, we illustrate our theoretical findings through a BEKK model.

5 Conclusion

This paper proposes the general unconditional and independence backtesting procedures
robust to estimation risk for portfolio VaR. It extends the theory of quantifying estimation
risk in backtesting procedures in EO (2007) from the univariate case to a multivariate
case. We also apply the general theory to a very general location-scale parametric dynamic
model with innovations following a very flexible class of distribution, the GH distribution.
The simulation exercise on a simple example also supports our theoretical findings. In
practice, our correction to the standard backtesting procedures for portfolio VaR is of
great importance. Neglecting the effect of estimation risk on those procedures may result
in the backtesting procedures being invalid. The future work will be an application to real

financial data to see how estimation risk affects the decisions in inferences.
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Appendix A: Mathematical Proofs

First of all, we show how to get the conditional distribution of Y;|I;—; from the linear
transformation Y; = w;“/rt, where wy is treated as constant, and the multivariate condition
al distribution of r4|I;_;. Construct a one-to-one mapping between r; and a constructed

vector Z; with the first element being Y; = wy "r¢, The constructed vector is

/
Yy wi T Wi wy o Wy Tt
Tot T2t 0 1 e 0 Tot
Zy=| . | = . = . . . .| = J(00)r,
Tdt Tdt 0 0 e 1 Tdt
J(6o)

where .J(f) is a positive definite d x d matrix. So r; = J~1(6g)Z;, where

1wy Wa
wgt T{t gft
J_l(eo) _

Since we specify r4|I_1 ~ F,(+,00, I;—1), then the multivariate conditional distribution of

Zy|Ii—1 as follows
Pr{Z, <z} =Pr{J(0p)r: < z} = Pr{r; < J_l(Go)z} = Frt(J_l(Qo)z,Ho,It_l)

ie. Fz,(z,,00,1;-1) = F,(J7%(00)z,,00, I;_1). And its density is

aFZt (Ztv 907 It—l)
0z,

th (Zta 607 It—l) = = Jfl(ao)f’r‘t(Jil(e())Zﬂ 907 It—l)-

We are only interested in the first element of Z;. Then the marginal density of Y; can be

derived by integrating over the other elements

Py (Y 00, 1) = / - / Fon () - dzgy = / - / (T (00)2, 80, 1) T~ (B0)dzzt - - - dear

where Y; = w;‘/rt can be explicitly written as a function of 6y and I;_1, i.e. Y; = Y;(0y) =

Y (0o, It—1), since w; will depend on the distribution parameter 6y and the information set
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Ii—1, wf = w*(6p) = w*(0y, I4—1). Notice that ¥; = Y;(6y) will add an extra term in the

derivative of fy, (yt, 0o, I;—1) with respect to 6y. Namely,
8 fy; (v, 0o, I ol
( tae(? 1) _ SYir (e, 00, It—1) 5200)

where fy, . (Y, 00, It—1) is the derivative of fy, (Y%, 00, [;—1) with respect to the 4t argument.

+ fYt,Q (yt: 005 It—l)

Next, we prove Theorem 1 using empirical processes theory and a small variation of a
weak convergence theorem in Delgado and Escanciano (2006). Hereis a sketch of proofs. For
simplicity, we write Fy,(0p) = Fy,(mq(w*, 6, L;—1)) and fy,(00) = fy,(ma(w*, 00, 1;—1)).

Define the process

K, (c) 1 zn: [hma(@o—i—c(t—l)’lﬂ)—Fyt(90+c(t—1)’1/2)

\/ﬁtzRJrl

indexed by ¢ € Ck, where Cx = {c € RP : |¢| < K}, and K > 0 is an arbitrary but fixed

constant.

LEMMA Al: Under Assumption A1-Ab, the process K,(c) is asymptotically tight with

respect to ¢ € Ci.
The proof of Lemma A1l can be found in EO (2007b).
PROOF OF THEOREM 1: Simple but tedious algebra shows that for each ¢ € Ck,

E||Kn(c) — Kn(0)?| = o(1).

The last display and the asymptotically tightness of K, (c) imply that if ¢ is bounded in
probability, ¢ = Op(1), then

[Kn(c) = Kn(0)] = op(1). (10)

Now, we will apply this argument with ¢ := fuax \/f(gt — 0p), with R denoting the in-
n

sample sample size. Thus, we should prove that under our three forecasting schemes

max v(6; — fp) = Op(1) (11)

R<t<n

holds.
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(i) Recursive: Our assumptions imply that v/tS; = 22215(7«8,15_1,90) is a martingale
with respect to F;—1, where S is implicitly defined. Hence, by Corollary 2.1 in Hall
and Heyde (1980) and A5

P(maXSt >8> < P(maX\/{fSt >\/R8)
R<t<n R<t<n
1
< —E[|vasa[’]
n
< C—
- Re?’

which can be made arbitrarily small by choosing ¢ sufficiently large, since n/R —

(1+7m)asn— oo.

(ii) Rolling: same proof as for the recursive. Details are omitted.

(iii) Fixed: ‘max (VE/R) S F 1(rs, Is-1,00)| <

(VRS 1, Lo, 80)| = Op (D).

Then, (10) holds for ¢ = max Vi(8; — 6y), and hence

1 n
Y7 hta(Bro1) = Fy,(0-1) | — —= > [hea(0) — Fy,(60)]| = op(1),
\/>t R+1[ ] \/ﬁtZR+1
which implies the decomposition
LS (hea@o)—a) = —= 3" [realo) — Fii(6o) (12)
tatl_azi t,a\V0o) — L'y, (Vo
Pt:R+1 \/ﬁt R+1
—= Z Fy, (6:-1) — Fy, (60)
\/>t R+1 |:
1 n
+—= > [Fy(6o) — o] + op(1).
VP T

Now, by the Mean Value Theorem and since we can interchange expectation and differen-

tiation,
n

A= == 37 [FrB0) = BIF B0)] — Fri(60) + BF (00)

VP T
_ - (aFYt(at—l) B 8FY%(@t 1)]) (@1 — 60)
VP S\ 08, 0, _,
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where 5,5_1 is between @_1 and 6y, and the derivative of Fy, () with respect to 0 is

algyé'(e) - 8({;' /ma(w*ﬂ’[t_l)f%(yt79,ft—1)dyt
= oo [ Al
= [m;,l(W*79aIt—1)agg9) +m;72(w*,0,It_1)]f5,t(9)
+/ma(w*70,ft1)[fYt’1(yt,0,It1)8};50(10) + fx/ft,l(ytﬁ,ftq)]dyt
OFy, (0)

Note that A2 and A3 imply that E |:Sup9€@0 50
of large numbers (ULLN) of Jennrich (1969, Theorem 2) and (11), then A;, = op(1) holds.

Similarly,

H < C. Hence, by the uniform law

" OFy, (0;—1) OFy,(60),| ~
+—= El—=%—] = E[——2—"]| (6:—1 — 60)
P t:zR;-I 90, 0%
- Bln + BQn-

Now, by the ULLN and (11), then By, = op(1) holds. Hence,

1 < ~ OFy,(00), 1
\/ﬁt:ZR;l |:FY;:(61571) — Fy,(0o)| — E[g%o]\/]—gt:zR;IH(t —1)

The theorem follows from (12) and the last display. O

=op(1).

PROOF OF COROLLARY 1: Once Theorem 1 has been established, the proof follows the

same arguments as in McCracken (2000, Theorem 2.3.1). Details are omitted to save space.
O

PROOF OF COROLLARY 2: The consistency of p and V follows from the ULLN of Jennrich
(1969, Theorem 2) and (11). Giacomini and Komunjer (2005), on the other hand, proved
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the consistency of the out-of-sample version of A,. It also follows in this context that

A =A+o p(1). Now, by Slutsky’s Lemma the corollary is proved. O

PROOF OF THEOREM 2: The proof is similar to that of Theorem 1. Define the process

n

> [hnalto +elt = 1)72) = Py (0 + ot = 1)) e jalbote(t—j-1)772),
t=R-+j+1

1
K, (c) = —

nJ( ) \/F
indexed by ¢ € Ck, where Cx = {c € RP : |¢| < K}, j > 1, and K > 0 is an arbitrary
but fixed constant. Applying Theorem Al to K, ;(c), as in Lemma A1, and following the

arguments in Theorem 1, we obtain the decomposition

—~ 1 n . R
m §P7j - §P7j = = Z Fy;t(gt—l)ht—j,a(et_j_l) - FYt (QO)ht—j,a(GO) =+ OP(l)
( ) = 7.2 | ]
1 " ~
- d Z FY;E (eo)ht—j,a(et—j—l) - .F’y;5 (90)ht_j7a(90)
= }
1 = OFy, (6;_ . .
T o Z Yi(,tl)htj,a(@tjl)] (Ot—1 — 6g) + op(1)
e L 90

= Cln + 0211 + OP(l)a

where 5,5_1 is between @5_1 and 6. Since, Fy,(6p) = « a.s., Theorem 1 implies

OFy, (90)} 1 - ,
Cln:aE[ A - Z H(t—j7—1)4o0p(1).
96, VP = t=R+1+j
Whereas the arguments after (12) imply that
OFy, (0 1 . ,
Con, — E[E’;e(,‘))htj,a(eo)] — > H(t-j-1)]=o0p(1)
0 T J =R+

This proves condition i). As for condition ii), define the following quantities

- 1 n ~
ng - h « Oi—1) —
Eonj = Pl_j Z {ht—j,a(é\t—j—l) — Oé] ;
t=R+1+j
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and similarly, define &1, ; and &2, ; with 0y replacing @_1. Now, simple algebra shows that

VP = jyp; =E&pj — ainj — an ;.

The same equality holds for vp;, £pj, &1n,; and &2, ;. Hence

VP —=30pri—ri) = (fP,j - fP,j) —a (&n,j - €1n,j> —a (fzn,j - Ezn,j> - (13)
Theorem 1 implies that, for h =1 and 2,

OFy, (0)
06,

} ! > H(t—j—1)+op(1).

ghn,j & =F [ .
VP =7 ki

The latter display, part i) and (13) prove condition ii).

As for condition iii), it can be similarly shown that

-~ -~ 1 " ,
VP —j(pj—Crj) = VP—jlépj—C(py) —22A mt:};HH(t—J—l)JrOP(l)

= \/P7—3 (gP,j — fpd‘) — 2aA % Z H(t —j — 1) + 20&{171’]' =+ Op(l)

t=R+1+j

1 n
= {B-204} . > H(t—j—1) | + 20, +op(1).
VP = R
Details are omitted to save space. O

PROOF OF COROLLARY 3: The consistency of 77 and V follows from the ULLN of Jennrich
(1969, Theorem 2) and (11). The consistency of B, follows from Giacomini and Komunjer

(2005). Now, by Slutsky’s Lemma the corollary follows. O

24



References

Abramowitz, M and I.A. Stegun (1965): Handbook of Mathematical Functions. New
York: Dover.

Alexander J. McNeil, Rudiger Frey and Paul Embrechts (2005): Quantitative Risk Man-

agement, Princeton University Press, Princeton and Oxford

Christian Gourieroux and Joann Jasiak (2002): Value-at-Risk, forthcoming Handbook of

Financial Econometrics, ed. Ait-Sahalia, Hansen.

E.W. Rengifo and J.V.K. Rombouts (2004): Dynamic Optimal Portfolio Selection in a

VaR Framework

F.Javier Mencia and Enrique Sentana (2005): Estimation and Testing of Dynamic models

with generalized Hyperbolic innovations

F.Javier Mencia and Enrique Sentana (2008): Multivariate location-scale mixtures of

normals and mean-variance-skewness portfolio allocation

Gustavo M. de Athayde, Renato G. Flores Jr. (2004): Finding a maximum skewness
portfolio- a general solution to three-moments portfolio choice, Journal of Economic

Dynamic and Control 28(2004)1335-1352

J. Carlos Escanciano and Jose Olmo (2007a): Backtesting Value-at-Risk with Estimation

Risk, forthcoming in...

J. Carlos Escanciano and Jose Olmo (2007b): Backtesting VaR with Estimation Risk,

working paper.

Jeroen V.K. Rombouts and Marno Verbeek (2004): Evaluating Portfolio Value-at-Risk
using Semi-Parametric GARCH Models

Jorion, P. (2001): Value-at-Risk: the New Benchmark for Controlling Market Risk.
McGraw-Hill, New York.

Luc Bauwens and Sebastien Laurent (2004): A new class of multivariate skew density,

with application to GARCH models

25



Luc Bauwens, Sebastien Laurent and Jeroen V.K. Rombouts (2006): Multivariate GARCH
models: A survey, Journal of Applied Economics, 21: 79-109 (2006)

Martin Hellmich and Stefan Kassberger (2007): Efficient portfolio optimization in the

multivariate Generalized Hyperbolic framework
Michael W. Brandt (2004): Portfolio Choice Problems

Pierre Giot and Sebastien Laurent (2003): Value-at-Risk for long and short trading posi-
tions, Journal of Applied Economics 18: 641-664

Wei-han Liu and Douglas J. Miller: A Study on Portfolio Value-at-Risk

26



